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My Worthy Friend 
CHarres Cox £/43 


Member of Parliament for the 
Burgh of Southwark, 


. Dear SR. * 


4e MONG the many Obligations 


Ve JS 


Ke) Low bave conferred on me, I ac- 
NEG count it not the leaft, that you 
PG) have given me a Rife to revive 
PGAZZA my Mathematical Studies; 7 
which, as I bave formerly {pent fome Time, 
fo I know of no more ufeful Way of enploy- 
ing my leifure Hours. 

And indeed, Sir, the Diverfion and Ad- 
Vantage J bave lately reaped from them, bath 
(by the Divine Bleffing) both fupported me 
under, and in a good Meafure carried me 
through {uch Preffures and Difficulties, as I 
once almoft de{paired of furmounting. 
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~The Epiftle Dedicatory. 

The Mathematick Lecture which You at 
jirft fet up gratis ix your Burgh, and which 
out of an uncommon Generofity, You did af- 
terwards remove into the City of London, zs 
a demonftrative Proof both of your fincere En- 
deavour to promote the Good of your Country, 
and alfo of your Capacity to do it the beft 
Way. And as I bave already, in a good De- 
gree, fo I hope to fee {uch Effects from fo no- 
ble a Defign, as will render your Name jufily 
honourable to Pofterity, as well as this pre- 
fent Age. Sir, You know your Self aud 
Me too well to take this for Flattery. °Tis 
what Truth, Juitice azd Gratitude oblige 
me to fay. 3 | 

I Jhall only add, That I am again glad of 
this Opportunity to foew the juft Efteem I 
have of your Merit, and the equal Regard I 
bave for your Eriendfbip. 1 am, 


SIR, 
Your moft obliged 


Humble Servant 


© Fohn Harris. 
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READER 


MMS Frer frequent Peru(al, and mature De- 

AVG iberation on this Book ; I juage it to be 

VE 10e planet, fhortefl, ana yet eafie 

te) Nae Geomerry re a fee PRE 
wea Ana therefore I thought it very wels 
avorth my while to let it appear a fixth Time in our 
own Language, as it had already done twice before 
an the Latin Tongue. °And ’tis fo well efteem’a of, 
by very competent Fudges among ft Us, as to be read 
in our Univerfities, by Tutors to their Pupils: Ana 
alfo, which 1s not ufual with Books of this Kind, 
there have been three entire Impreffions {ola off in @ - 
little more than as many Years Time. 

As to the Tranflation ; I bave by no means obliged 
my ff fervilely to follow the French way of Ex- 
preffion ; for indeed a literal Verfion of a Book out 
of any Language will be fcarce intelligible in En- 
glifh. J have therefore all along aimed rather to 
give you F.Pardies’s Senfe; than his Words ; ana 
bave made him [peak what I judge he would have 
done, had be wrote in our Language. I have made 
no Scruple to add any thing that I faw neceffary, 

I te 


4 | 
The TRANSLATOR, & | 
to render line clear and intelligible ; and particu- 
larly what follows, which was not in fome of the 
former Editions. | 
As the fecona Book of Euclid about the Power | 
of Lines ; The Menfitration of the Surfaces of So- | 
has, Archimedes his Proportion of the infcribed | 
Cone ana Sphere to the circumscribing Cylinder ; the 
Figure of the 5 regular Bodies ; feveral Additions 
ana Improvements inthe Doktrine of Proportion : — 
The Menfurarion of the Fruftums of Pyramids and — 
Cones ; fome new Properties of a Right-angled Tri- 
‘angle, and of the Circle, &c.  T have allo left out 
fome more of Pardie’s Propofitions, which, om re- 
peated Experience in Teaching, I have found lef 
afeful, as alo all the Elements of plain Trigono- 
metry, which I bad before added to bis Ninth Books 
becanfe I have publife'd a finall Treatife on that 
Subject by it felf ; and wy chief Aim now hath been 
to lead the Learner into a little more abfiraëted and 
concife, tho a moft ufeful and univerfal Method of 
Demonftration ; introducing now and then a little 
Algebra, that I thereby engage the Reader in a 
Love of and and Value for that moft noble and won- 
derful Science: And to give him a good Foundation 
to build upon, aud a fufficient Rife thereby to carry 
Dim into Fluxions, and the new Methods of Inve- 
. fligation and Demonfiration, where he will find 
fupicient Satisfattion. Nor need he be diftouraged 
at the Attempt, for ‘ris well known, that I have 
saught feveral Perfons to underftand the elementary 
Parts of all Mathematicks [o well, that they have 
been able to go on every where, without the Affift- 
ance of any Mafter, in lefs than a Year's Time. 
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Parprey Advice to thofe 
— who would Underftand 
Geometry. 


Gr) IQ zgures, at the fame Time as 


dered attentively any Propofition, they find 
they don’t underftand it, let it be pafled 
over, it will probably be intelligible by read- 
ing farther, or at leaft when they have gone 
over the whole, and have began to read it 
over a-new. There are indeed many things 
in Geometry, that will never be well under- 
food at firit reading over. — | 


IV. The 


Advice to: thofe,: Secs aa 

IV. The Numbers which are within the 
Parenthefis, v. gr. (3. 14.) fhew that the 
Matter there fpoken of, hath been proved 
elfewhere, viz. in this Inftance, in the 14th 
Article of the IIT Book: And they ought al- 
ways to mind the Number of the Article, and 
to confult the Places referred to, that fo 
they may gain the Demonftration of what 
they read. 

V. When they meet with any Words 
which they don’t underftand, they may 
confult the Fable at the End of the Book. 

VI. °Tis good to have a Mafter at firft, 
to explain to them the Nature and Manner: 
of the Demonftrations ; for by that Means 
they will underftand the Thing much eafier, 
and much fooner, than they can do by read- 
ing by themfelves. | be 
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GEOMETRY. 


BOOK 1. 


Of Lines and Angles. 


SREY the Word Quantity, which in 

b> the General is the Subject of Geo- 

2 metry; we mean that whereby one 

© SA Thing being compared with an 

SUG other of the fame Nature, may be 

a2 {aid to be Greater or Lefs than, E- 

‘qual or Unequal toit: As Extenfion, z.¢. Length, 

Breadth or Thicknefs, Number, Weight, Time, 

Motion, and all thofe things which are capable of 

being {> compared asto more or Lefs, are the Ob- 

ject of Geometry. | 

2. We defign neverthelefs to confider now only 

Extenfion; as being that which ferves for an Exam- 
ple and Rule to mealure all other Quantities by. 


B 3. That 
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3. That Quantity which, being fuppofed without 
any Breadth or Thicknefs, is extended only in 
Length, is called a Line. That which hath both 
Length and Breadth, (but is fuppofed to have no 
Thicknefs) is called a Surface, or Superficies: And 
that which hath Length, Breadth and: Thicknefs, is 
called a Body, or Solid. 

4. A Point is that, which is confider'd as having 
no manner of Dimenfions ; and as being indivifible 
in every refpect. The Ends or Extremities of 
Lines, as alfo the Middle of them, are Points. 

5. There are Strait Lines, and there are Crooked 
ot Curved ones: Alfo there are Even and Plain Sur- 
faces whichare called Planes; and there are Crooked 
or Curved ones : Which like a Vault, (or the Tilt of 
a Boat or Waggon, are Convex above, and Concave 
below. 

The Generation of Lines may eafily be conceived 
to be made by the Motion or Fluxion of a Point, 


as A. 


Which if tc move dire@ly from the Term A, to 
the Term C, or go the neareft or fhorteft Way 
poffible, it then forms what Geometers calla Right, 
or Strait Line. 

If it go firft directly to B, and then alfo the near- 
eft Way toC ; it forms two Right Lines, AB and 
BC, which, taken together, are longer than the Line 
AC; and confequently, two Sides of any Triangle 
muft be longer than the Third. 
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If che Point À move not in ore or more right or 
ftrait Lines towards C, it muft go crooked, and fo 
will form a Curve or crooked Line, as ADC. . 

And from hence alfo ‘tis plain, That any two 
Points, moving with equal Velocity, will in the fame 
Time generate equal Lines. 

6. When two Lines meet in a Point, the Aper- 
ture, Diftance or Inclination between them, is call’d 
an Angle, Which, when the Lines forming it are 
right or ftrait ones, is called a Reëtilineal Angle ; 
as A. But if they are crooked, ‘tis called a Curv:- 
lineal One ; as B. And when one is ftrait and the 
other crooked, ‘tis called a Mix’d Angle ; as C. 


N. B. The Lines, forming any Angle, are called 
sts Legs. 


YO ALY 

7. That Angle is faid to be lefs than another, 
whofe Legs are more inclined to (or nearer to) each 
other. Let there be two Lines AB and AC meet- 
ing in the Point A. If,you ima- 
gine thofe Lines to be moveable like 
the Legs of a Pair of Compaffes, 
and yet faftened together in A, as 
with a Joint, ‘tis eafie then to con- 
ceive, that the further they are open- 
ed, or parted from one another, the 
greater will be the Angle between them : As on the 
Contrary, the nearer they are brought together, the 
more they will incline towards each other, and fe 
the Angle between them muft be the le(s. 


B 2 8. 1s 


24 Lee 


8. It muft therefore be obferved, thar the Quan- 
tity of Angles is by no Means meafured by the: 
Length of their Legs, but by their Inclinarion.! 
Thus, v. gr. tbe Angle B is bigger than A; tho’ che 
Legs of the Le B, are much fhorter than thole! 

| of A: But then thole of A are | 
much more inclined to each Ce | 
ther, than thofe of B. And to) 
apprehend this the better, ima- 


which reprefent the Legs of B lying on it. For ‘tis 
plain the Angle A will be eafily contained within B; 


and thar its Legs are much more inclined to one ano. 


ther, than thole of B, and therefore it is lefs than B, 

9. An Angle is ufually marked by three Lerrers, 
of which the middlemoft, and no aiways is 
placed at the Angular Point where the Lines meer, 


gine the Angle B to be put up- | 
on A, as you may conceive by | 
the prick'd Lines about À, 


denotes the Angle. As inthe Figure following, | 
bac denotes the Angle made by the two Lines ba 


and ca meeting in the Point a. 
to. If we imagine the Line ad faftened by its End 
a, in à thie middle of the Line dc, bur yer fo as to be 
moveable to 4, as on a Center: 
ee: If chen you conceive it to be mo- 
a 7 “© ved qnide round, till it arrive ar 
Pl ! the Piate where it began, the 
Point 6\will defcribe a Curve 
» Line, which is ufually called a 
- Circle; but ‘tis racher the C7r- 
cumference of a Circle; for properly {peaking, the Cire) 
cle is the Space contain’d within the Circumference. 
ri. Any Part of the Circumference is called an 
Ark, as bc. 
12. The Line de (paffing through the Center) and 


terminated by the Circumference, is called the Dia- 
meter, 


ie 
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meter, and divides the Circle into two equal Parts, 
Alfo every Right Line paffing thro’ the Center 42> 

(and terminated at each End by the Circumference 
divides the Circle into two equal Parts, as will be 
a Diameter. 

13. The Line 4 b or ae, or any other drawn from 
the Center to the Circumference, is called the Ra- 
dius, or Semi- diameter, 

14. All Radius’s or Semi-diameters (of the fame or 
equal Circles,) are equal. (Asis plain from the Genefis 
of a Circle piven in Art, 10.) 

15. When the End b of the Radius 4 b is equally 
diftant from the two Ends of the Diameter dc ; 
That is, when the Point 2 is in 
the very middle of the Semi.cir- 
cumference dic; then will ba 
make two Angles with dc that are 

called Right ones: Which are e- 
qual to one another, that is, the 
Angle dad isequal to bac. And 
if the Line 4 4 be produced below 
to e, it fhall then (with dc) make four Right An- 
gles ; and it will be another Diameter ; which with 
former de will divide the Circle into four equal 

arts. 

16. Then thofe Lines are faid to be perpendicular 
one to another, wiz. ba to dc, and dato be. 

P7. But if b be nearer to one End of the Diame- 
rer (or Right Line) dc, than it is to 
the other, it is then faid to fall on TS b 
the other obliquely ; and it makes ( 
with de two Angles that are Une- 4! 

qual: Of which the Leffler bac \ . 
is called Acute, and the Greater pL 


dab is called Obtufe. 


€ 
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If the Line 2b be produced toe, it will be a new 

Diameter, and will make below two other Angles : 
So that in the whole here will be 
four Angles ; of which thofe two. 
thar touch only in the Angular 
Point, as bacand ead; as alfo, 
dabandeac, are called Vertical, 
or Oppofite Angles. But thofe that 

_ have one Leg common to both, as 

dabandbacs andbacand eac are called Ad. 
joining or Contiguous Angles. 

18. Thofe Angles, which (at equal Diftances from 
the Angular Point) are {ubtended by equal Arks, 
are alfo equal them(elves. Asif the Ark 6c be pro- 
ved equal to the Ark de, then will the Angle bac 
be equal to dae. 

19. The two Contiguous Angles taken together, are 
_ always equal to two Right ones. 

For as the Line dc is a Diameter, and therefore 
cuts the Circle into rwo equal Parts, the two Arks 
db and bc, taken together, will be equal to a Semi 
circle. Wherefore the two Angles d a b and bac, 
together, will be equal to two Right ones, becaufe 
they compleat the whole Semi-circle, as two Right 
ones do. (Art. 15.) 

20. So that this Propofition is of univerfal Truth, 
That one RightLine, falling on another, makes the Con= 
ziguous Angles (together) equal to two Right ones. 
For if the Lines are Perpendicular to each other, as 

paisto dc. Then ‘tis plain the 


P| 5 Angles muft be Right (by the 15.) 
And if the Line fall obliquely, as 
ba doth, then indeed the Angles 
d c 
a 


= are unequal : But as much as the 
Obtufe one d a b exceeds one Right. 

Angle, by fo much is the Acute one D ac exceeded 
: ee 
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by the other Right one. So that the Smallnefs o 
one is compenfated by the Greatnefs of the other. 

21. Hence alfo it follows converfely, for (where- 
ever the Property is found, there the Thing is, in 
Geometry,) that if two Angles, which have one Leg 
common to both, do make Angles equal to two 
Right ones, their other Legs do make but one Right 
Line. Let the Angles da b and bac be (together) 
equal to two Right ones, Then I fay, that the 
Lines d 4 and 4 c do join fo together, as to make one 
Right Line (vid. Fig. in Art. 17.) which is clear 
from what hath been faid, For if on the Center a 
you defcribe a Circle db ce, the two Arks db and 
bc will be equal to a Semi-circle, becaufe the twa 
Angles da b and 6 ac are {uppofed to be equal to 
two Right ones. Wherefore the Lines da and ca 
will make a Diameter, and confequently be joined 
into one Right Line. 

22. If from the Point 24 you draw feveral Lines, as 
ad, af, ab, ah, ag, €c. they will make diverfe 
Angles; and all thofe Angles taken together, be they 
more or lefs, will be equal to four 
Right ones. For “tis clear, all + b 
thefe Angles together do compleat oe 
the Circle dbce, whofe Circum- d 
ference they divide into ‘as many 
Arks as there are Angles. Now 
all thefe together are equal to four re 
Quarters of a Circle ; which is 
as much as to fay, that all the Angles are equal in 
the whole to four Right ones; for fo many Right 
Angles do alfo complear the Circle. 


B 4 AXIOM 
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A Xl es ae 


f to, or from equal Things, you add à. 
ubtratt Equals, the Sums or Rentainders 
— ail be equal. | 


23. The Vertical or oppofite Angles are equal. 
Let there be two Right Lines dac and bac (crofling 
or cutting one another in the Point a,) T{ay, the An- 
+ dae is equal to bac, For the Ark 4d, withthe 
Ark bc, makesa Semi-circle ; and 
fo doth the fame Ark bd with the 
Atk de. Therefore the Ark be 
mult be equal to de; becaufe the 
Ark db continues the fame, whe- 
ther it help to compleat the Semi- 
circle with de, or bc: (wherefore 

being taken away from both, it muft 
leave the Ark de equalto be. But if the Arks be e= 
qual, the Angles Jubtended by them muft be fo too, and 
therefore the Angle dae is equal tobac.) And by the 
fame Reafon the Angle dal will be equal to eae. | 
24. The Circumference of every Circle is (Jup= 
_pofed to be) divided into 360 equal Parts, which are 
called Degrees : And every Degree into 60 Minutes, 
every Minute into 60 Seconds, every Second into 60 
Thirds, and fo on infinitely. And to determine the 
Quantity of every Angle, we compute the Degrees 
that (the Ark, which is its Meafure) doth contain, 
wv. gr. When we {peak of an Angle of 90 Deg. we. 
mean 2 Kight Angle ; becaufe the Right Augle con- 
rains the fourth Part of the whole Circumference, 
which is 90 Deg. the fourth Part of 360. So an Ane 
gle of 60 Deg. is an Angle that contains two Thirds 
of a Right one, 


25: (Deg, 


ks 
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25. Degrees are marked either with Degr. or ufually 
with a fmall Cypher over the laft Figure, as 60°.) Mie 
nures with a {mall Line, as 50’, Seconds with two 
Such, as 207, Thirds with three (uch, as 25” €c. 
So chat 25° 32/43, isto be read, 25 Degrees, 
32 Minutes, 43 Seconds. 

_ 26. Two Lines are faid to be parallel, when they 
fun always equi-diftant from 

Pace other. Pnus) the two" gi Bg 
Lines 4 b and ed are parallel,  : 

if they are equally diftant from : 
each other in ae, in BD, in ° smear LE 
bd, and in all other Places. 

27. This Diftance is always meafured by a Per- 

pendicular ; as if from the Point 4 you imagine the 
Line ae to fall perpendicular on ec; as allo doth 
the Line dd on the fame Line ; we naturally conceive 
that if thoie two Perpendiculars are of the fame 
Length, or equal ; the rwo Lines 4 b and e d are e- 
qually diftant from each other in thofe two Places, 
which is felfevident, and needs no Proof. 
/ 28.Two parallel Lines, being continued infinirely, 
yet can never meet : For being always equally di- 
ftant, there may any where be drawn between them 
a Perpendicular equal to ae or bd, and confequent- 
ly they can never meet. 

29. Two parallel Lines have the fame Inclinati- 
On, one as the other, to 
any right Line chat crof. 
fes them both. 


That is, the Angle 2 NO a 
will always be equal to 1/2 
Bond eo ds for bars amer Lo. 
interfecting Line being 
fuppofed inflexible, as vy 


is the Cafe of all Ma- 
thematick Lines, iv cannot bend to, or à fue one 
Parallel 


10 ELEMENTS | 


Parallel more than it doth to or from the other : And 
neither of thefe Lines can/alrer its Pofition in refpect 
of the Croffing Lines, for then the Parallelifm would! 
be deftroyed, which contradids the Suppofition. 


And this is the firf? Property of Parallel Lines. 


30. Whenever a Right Line cuts two Parallels, ir: 
makes with them eight Angles: Of which four a b. 
b.g. are external ; and the other four: 
c. d. e. f. are internal. The Angles 
c and f, as alfo dande, are called! 
Alternate. The Angles e and a, as 
alfo f and 6, are called the internal, 
and oppofite on the fame Side. And the. 
Angles df, as allo c and e, are called the internal 
Angles on the fame Side. 


AXIOM II. 
T' hings equal to a Third, are equal to one 
£ another. 


31. The Alternate Angles c and f muft be equal ; 
and alfo e and d; for c is equal tothe Vertical Angle 
6, and b is equal to the internal one f, by the laft 
Prop. Wherefore c and f, being both equal to 4, muft 
be equal to one another. ; 

The fame may be proved of c and 4, which are 
both equal to 4. à 


32. When 
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32. When a Line falls on two parallel ones, it 
makes the internal Angles on the fame Side equal 
ito rwo Right ones. 


I fay, the Angle d with f, is equal 


‘to two Right ones: Becaufe f is e- po 
qual to c (by 31.) and c and d toge= ear 
ither are equal to two Right ones cK 


‘(by 20.) Therefore f and d toge- Le 

‘ther muft be equal to two Right 

‘ones, which was to be prov d. 

(The fame Way may c and e together be proved equal 
to two Right ones; for c and d taken together are fo 
(by 20. but d is equal toe (31.) Therefore © ande 
are equal to two Right ones.) 

33. One Propofition is called the Converfe of ar- 
other ; when, after a Conclufion is drawn from 
fomething fuppofed, in the Converfe Propofition that 
Conclufion is fuppofed ; and then that which was in 
the other {uppofed, is now drawn as a Conclufion 
from it. For Example: We {ay here, if two Lines 
are parallel, (and another crofs them,) the Angles d 
and f together, are equal to two Right ones: Where 
we fuppofe the Lines to be parallel, and from thence 
conclude thofe Angles muft be equal to two Right 
ones: But the Converfe is thus, If the internal An- 
gles on the fame Side, d and f together, are equal to 
two Right ones; Then thofe Lines are parallel : 
Where, after we have fuppofed the Angies equal to 
two Right Ones, we conclude the Lines are pa- 
rallel. 

34. Converfe Propofitions in this Cafe are very 
true ; as that, ifa Line cut two other Lines, and 
| makes the alternate Angles equal; Thofe two Lines 
* parallel: which I defire the Reader to remem. 
| Der. 


35. If 
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35. If two Lines are parallel to a third Line, they | 
are {o to one another. 2 

Let the Line 2d be parallel to ¢ d; and let ef al- 
fo be parallel to the fame Line cd; J fay, ab is pa- 
rallel to e f: For if you draw a Line 
- as bd f cutting them all Three 3 the | 
Angle & will be equal to 4 (by 3f:)7| 
and the fame d will be equal to f (by | 
31.) becaufe cf is alfo parallel to e d. | 
Wherefore the Angle 4 muft be equal | 
to f : Becaufe by Axiom 2. if two Things are equal 
to a third, they are fo one to another, But if the © 
Angle be ==f, then the Line a b js parallel to ef, : 
(by 34) | 


ed 
e 3 
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Of Triangles. 


k€ Figure is a Space compaffed round 
WONG on all Sides. And if the Lines, 
NG which rerminate it, are all Righe | 
\S@ ones, ‘ris called a Rectilineal (oc 
EBSA) Right Lined) Figure: If they are 
ZSENIEZE crooked, ‘tis called a Curvilineal ; 
‘and if they are partly Right Lines, and partly 
(Crooked, ‘ris called a Mix’d Figure. 
2, There are Plane Figures, which are Plane Sur- 
(faces, and there are Solid ones, which have three 
|Dimenfions. But we fpeak here only of Plane Sur- 
{faces, or Plane Figures. 


3. All 
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3. All the Lines which encompafs any Figure, ta~ 
ken together, make chat which is called the Circum- 
ference, Perimeter, or the Compafs of the Figure. 

4. Of all Curvilineal or Mix'd Plane Figures, in! 
Common Geometry, we confider properly only the: 
Circle, or a Part of a Circle terminated on one Side 
by an Ark, and on the other by one or more Right 
Lines. 

5. Of Rectilineal Figures, the moft fimple are 
Triangles, which are terminated by three Right 
Lines (and no more) making as many Angles. 

If a Right Line, (A B) having one of its Ends or 
Points (as A) in the Vertex or Top of the Angle 
E AD, be moved downwards, with a Motion always 
» parallel to it felf, fo that the Point A fhall always 
keep in, or touch the Line AE, until ir come to be 
all of it within the 
Legs of the Angle 
EAD ; that is, till 
itcome to be inthe 
Situation EF; thar 
Line fhall in itsMc= 
tion continually cut 
the Line AD, and 
at length defcribe 
the Triangle EAF 
within the Legs of 
the Angle ; as alfo 
another equal to it 
(AFB) onthe other Side of the Line AD. The 
Parts of which latter Triangle fhall continually de- 
creafe, as thofe of the former AE F, do continually 
increafe. And the Line AB fhall alfo defcribe with’ 
its whole Length the Quadrilateral Figure AEF Bs 
which will be divided into two equal Parts by the 
Diagonal Line A F. 3 


N. B, 
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N. B. The Line AB may be called the Defcri- 
bent, and AE the Dirigent, becaufe the latter 
directs the Motion of the former. 


6. A Triangle as 4, which hath 
ne Right Angle, is a Right-an- | 
‘led Triangle; if it have one An- 
He Obtufe, ‘ris called an Obrufe- 
ngled'one, asb; and if all its 
ree Angles are Acute, “tis call- 
d an <Acute-angled Triangle, AN 
sc. | 
7. If a Triangle have all its 
ree Sides unequal, ‘tis called a / dd ——~ 
‘calene, as d. If it hath two Sides 
qual, ‘ris called an Ifofceles, ase; | | 


qual, “cis called an Equilateral 

ne, asf. 

8. When two Sides of a Triangle are confider’d, 
ey may be called its Legs, and the third Side 
ay then be called the Bafe. But any one Side 
may be called the Bafe, tho’ we ufually and moft pro. 
werly call that fo, which lies parallel to the Horizon, 
nnd which is next to us. 

9. In every Triangle, the three Angles, taken to- 
wether are equal to two Right ones. 

Let the Triangle be abc: I fay, that the Angle 2 
udded to the Angle c, added to the Angle & (or the 
sum of all three) are equal to two Right ones. For 
set de be drawn parallel to the Bafe ac, then will 
thofe two parallel Lines be cut by the Line dc; and 
confequently the alternate Angles ¢ and d will 
oe equal to each other (by 1. 31.) Moreover the. 
Line 6a falling on, or cutting the fame Parallels 
lc and ac, will make the two internal Angles 45 

| the 


1 
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the fame Side equal to two Right ones ; that is, 2: 
added to a D e are equal to two Right Angles (by r.. 
32.) Burt the Angle abe contains: 

the two Angles 6 andd. So that 

-......€ the Angle a added to 6 added to d,. 


ee: will be equal to two Right ones. 
But ¢ being equal to d, it will fol- 
ie ....-» low, that a added to b added to c | 


or the Sum of all three together, | 

muft be equal to wo Right ones: Which was to be 
proved. | 
to. If any Side of a Triangle be produced, oc 
drawa out, the external Angle 


rae will be equal to the two in- 
ternal appofite Angles, (taken 

Pe together.) Let the Triangle be 

di elb _. abc, whole Bafe c b draw out 
PPT TT EL 0, by whichameans a. neg 


Angle as e will be made, 
which is called the External Angle of that Triangle. 
Then I (ay, That that external Angle e, is equal to 
both the internal and oppofite ones 4 and c. 

For thofe Angles 4 and c, together with 4, are e- 
qual ro two Right ones (by the Precedent,) and fo 
. alfo are eand 6, by (1.20.) wherefore e mult be e. 
qual to a added to c, becaufe togerher with à, it 
makes two Right Angles, asthey do. QE. D. 


COROLLARIES. 


1. The Sum of the three Angles of all Triangles 
is che lame. he 


2. No Triangle can have above one Right, or. 
Obtufe Angle. "NE 


3.46 
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3. [fin any Triangle, one Angle be Right, the 
‘other two muft be Acute. 


4. If in any Triangle there be one Angle equal to 


‘both the others, that muft be a Right One. 


__5- If you know the Degrees of one Angle in any 
Triangle, you know the Sum of the other two ; for 
Us what is wanting of 18°, and if the Sum of anytwo 
be known, the Quantity of the Remainder is known. 


_ 6. Hence iftwo Triangles have any two Angles 
reipectively equal to one another, the remaining 
Angles muft alfo be equal. 


7. The Angle of an Equilateral Triangle is 2 of 
two Right Angles, or 5 of one Right Angle, equal 
to 60°. a 


8 Hence ‘ris very eafy to Trife& a Right Angle: 
by making on one of the Legs an Equilateral Tris 
angie. 


. 11.1f a Triangle A B C hath two Sides, A Band 
tA C, equal to rwo other 4 b and 4¢ in another Tti- 
angle, and if alfo the Angle A be e- 
il toa; I fay, the third Side BC A 
hall be equal ro bc; the Angle Be- j : 
qual to b,the Angle C toc, and the B ct 
whole Triangle AEC toabc. a 

_ For if we imagine the Triangle 7 à 

bc ro be placed upon ABC, fothar 4 c 
rhe Side a b fhall lie exa@ly on its 
Equal AB: Then muft the Side a c fall on irsEqual | 
a becaufe the Angle a is equal to A, and fo the - 

oint ¢ will fall on €, ae upon B, and the whole 


Tris 
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‘Triangle 4 bc on the Triangle A BC ; becaufe all 
things fo exactly anfwer, that nothing of the upper 
Triangle can fall befides the under oue. 

12. Figures which do thus meet, fit, or anfwer 
to each other exactly, when they are placed one 
upon the other,are called Congruous Figures, Quia 
mutuo fibi Congruunt. à 

And therefore the third Axiom is, Que fibi mutuo 
Congruunt fune Æqualiä; i.e. Thofe Figures, which 
placed one upon another, do anfwer to, and cover 
one another exactly, areequal. | 3 

13. Icisalfo true, That if a Triangle hath all 
its three Sides equal to the three Sides of another 
Triangle, all the Angles alfo in one, fhall be equal 

to thofe inthe other: And all the Space 
which one Triangle contains, fhall be 
à eae ee equal tothat contained in the other : 
| ~~ Asif A Bbeequaltozb, AC toc, 
and BCtroéc: I fay, that the Angle 
b € A fhall be equal to 4, B to b, and C to 
c ; andthe whole Triangle A BC, to 

abc this needs no other Proof. 

14. If the Angle A be equal to 2, the Angle Bro 
b, and the Side À B to a b : Then thal! the Side AC 
be always equal toac, BCtobc; and the whole 
Triangle A B Cto 4 bc : which is eafy to prove by 
the precedent Propofitions. | 

15. In every I/o/celès Triangle, the Angles at the 
Bale, oppofite to the equal Legs, are equal. 

: Let the Triangle be 2 bc,whofe Legs 

a dband ac are equal : I fay, the Angle 

bis alfoequal toc, For imagine the 

i : \, Bafe bc divided into two equal Parts 
a © inthe Point d, then will the Line a d 
(which let be drawn) make of the whole 

two Triangles, 2 à dand-d a c, which will have all 
three Sides in one, equal to thofe in the other : For 
ab 


4 
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a b is equal to # c by the Suppofition, and b dis en 
kqual to dc, and 4 d is common to both. Where- 
fore (by 2. 13.) the whole Triangle 4 4 d is equal 
tod 2c, and the Angle is equal to c; which was 
to be proved. 

16. Inan 1/ofceles Triangle, if a Line drawn from 
the Angle at the Top do (b:/feé& or) divide the Bafe 
into two equal Parts, it is both perpendicular to the 

afe, and allo biffects the Angle ar the Top. For 
(vid. Fig. precedent) the Angle a dc is equal to the 
Angie ad b (by the laft) and confequently they muft 
be both Right ones; and therefore the Line a d is 
erpendicular tothe Bafe 2 c (1. 15.) and the Angle © 
ac willbe equal to d a 4 (by the laft Prop.) 

17. In every Triangle the Greater Side is always 
ppofite to, or fubrends the Greater Angle. 

Inthe Triangle a dc, let the Side bc be longer 
than ba,then I fay, the Angle ac fubrended by the 
Greater Side b c, is bigger than the Angle c, which 
is fubrended by the Leffer Side. For let b 4be taken 
equal co à 4, then will 2 b dbe an 
Hfofeles Triangle; whofe Angle : Pr 


a d will be equal to 6d a(2.15. ) x 
But the Angle cab is bigger Va its 
than bad; (The Whole being L ‘ 
reater than thePart) and therefore CRE 


muft be bigger than bd a (which is equal b a d.) 
Now the Angle 4 dbis an External Angle in re, 
pect of the litle Triangle + d c ; and therefore 
muft be bigger than the Internal one c (by 2. 10.) 
Wherefore the Angle b ac being bigger thand, muk 
certainly be bigger than c; which was to be proved, 


C2 18, OF 
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18, Of all Lines that can be drawn from a Point 
given to a Line given, the fhorteft is the Perpendi- 
cular ; and they are all longer, according as they 

are farther diftant from it. Ler 


b the given Line be ad, and the 
è oh / | Point given b ; let b 4 be perpen- 
ms: dicular toda; let alfo b c and 


ra 


© % bdbe drawn. I fay, that ba is 
the fhorte@& Line thar can poffibly be drawn from 5; 
and (for inftance) is fhorter than 5 ¢ (or any other 
that can be affigned: ) And I fay alfo, that bd is 
longer than bc. _ 

For in the Triangle bac, the Anglea is a Righr | 
One, and conlequently bigger than either of the 
other; becaule they muft neceffarily be both Acute 
(by Cor. 3. of Art. 10.) Therefore the Side b c is lon« 
- ger than D a (2, 17.) as fubtending a greater Angle. 

So alfo in the Triangle dbc, the Angle deb is 
Obrufle, becaufe the Angle b ¢ a is Acute : And cons 
fequentiy the Side d  muft be longer than cb, as 
fubiending a greater Angle Gus 

19. In every Triangle any two Sides taken toges 
ther are longer than the third ; becaufe a Right 
Line is the neareftDiftance between any two Points. 


PRO- 
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PROBLEM I. 


On a Line given ad, to make an Angle By 
equal to a given one Z.. | 


Place the Compaffes in c,the Vertex of the given 
Angle, and defcribe the Ark Rr ; then keeping them 
iat the fame diftance, 
ifec one Foot in #,one 

end of the given 
|Line, and with the 
other defcribe the 
Arkobd; fetRr 
ifrom dto b; and 
draw ab, fo fhall 
ithe Angle bad or 
iB be equal to Z. 
For the Legs of 
each are Radi: of e- 
qual Circles,and the 
Line b d was taken equal to R r ; wherefore the 
kwhole Triangles c Rr and 4 b 4 mn be equal (by 
113.) and confequently the Angle a equal to ¢. | 


PROBLEM IL 


Hence the Prattice of making all forts of Triangles, 
Equilateral, Mofcelar ; or without any given 
Angles or Sides, will eafily appear. 


C3 PRO. 
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PROBLEM IL 


| 
A Right Line, as P, being given, to draw 
thro’ a, a Point given, the Line Z a, Pa- 
rallel to it. 


Through # draw any Line, as XX, making any — 
Angle, as 4, with the 
given Lines then make 
the Angle Z aX = to b, 
anc Z a thallbe the Pa. 
rallel foughr. 

For theAlrernate An- 
gles a and bare equal by 
ConftruG@ion; Where- 
fore Za is Parallel to 


xX | P 6, (by 1. 31.) Q.E.D, 
PROBLEM IIL 


To Biffeét or Divide a given Line cb inte 
two equal Parts in the Point a. 


Open the Compaffes to more than = the Length 
of 6ac,and with that diftance make 
at each end of b ac, two Pairs of. 
interfecting Arks, as at e and d: 
Then drawing the Line ed, it will 
biffect the given Line in a, 
ae For the Triangles bed and dec 
alé are equal (by 2. 13.) Wherefore the 
pm  Angleabd—=a dc. Therefore the 
..  Ittangles abd and adc will be e- 
qual alfo (by 2, 11.) and confequently 2b is — to 
ac, Q.E. Sede PE PRO: 
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PROBLEM V. 


By much the fame Method may a Perpendicular,as ad, 
|. be raifed inthe middle of any given Line, or one 
may be let fall from the Point e or d, to the given 
Line abc, and che Demonftration is the fame in 
all. 


And after the fame way of Prattice may the 
given Angle bd c be Biffected, 


If fecting one Foot of the Compaffes in d, you 
take db equal to dc. And then fetting the Com- 
paffes in b and c, ftrike the Arks interfecting each 
other ine; So thall de biflect the Angle requir'd. 


C 4 EL E- 


GEOMETRY, 


BOOK III. 


Of Quadrilateral Figures and Polye 


LOnS. 


ees HO SE Figures, whofe Sides are 
“| FAN our Right Lines, and thafe Mae. 
99) king four Angles, are called Qua~ 
wai drilateral, or four-fided Figures, 
2. When the oppofite Sides are pa- 
404 rallel, the Quadrilateral Figure is 
called a Parallelogram, as à ; bur if nor, 
‘tis called a i as D. | 
3. When the Parallelogram hath all its four Angles 
Right, a: a oeue Parallelo= 
ram ; Or for brevity's ake a Rectangle, 
| Le] , c: And if the Angles are right, san 
the Sides are all equal, “tis called a Square, as d. 


4. If 
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| 4. If a Parallelogram harh all its Sides equal, but 
s Angles unequal, then ’tis called a 


ihombus, as e. | 
5. If a Paralelogram hath neither 


Angles nor Sides all equal, ‘tis cal. 

tda Romboides, as a. | 
| The Generation of all Paralelogramick Figures 
rill be eafily conceived, 

‘you fuppofetheDeferi- A B ae 
ent AC, to be carried 

Fr moved along the Di- 

ent À D, ina Pofition 
‘ways parallel to itfelf 
à its firft Situation. 
or then, if the Angle A D E F 
rhich the Defcribent 
iakes with the Dirigent, be a right one, and AB 
= equal to À D: The Figure produced will be a 

uare. If AC be longer or fhorter than A D, 
xe Figure will be an Oblong or a Rectangle. 

If the Angleat A be oblique, only a Parallelo- 
“am at large will be defcribed : Which when the 
‘efcribent is equal to the Dirigent, the Figure will 
© a Rhombus ; if unequal to it,a Rhomboides. 


CORALLARIES. 
I. Hence ’tis natural to fuppofe, thar equal Lines 


coving thro’ the fame or equal Spaces, will de- 
ribe equal Surfaces. ‘ts 


TI, Equal Lines, with uniform or equable Motions 
-e being neither accelerated nor retarded) ine- . 
al Times, will defcribe equal Surfaces : And if 
cey do thus deicribe equal Surfaces, it muft be in 
qual Times, | | 

rei .: Ill. Hence 
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Ii]. Hence alfo, if the Line 2 inagiven Time de- 
fcribe the Parallelogram A and the equal Line b in 
the iame Time defcribe: 
tne Oblique Parallelo.. 
gram Bor C, whofe: 
Perpendicular Altirude: 
is the fame with that 
of À : Thofe Parallelo-: 
* grams will be all three 

. equal one to another. 
Becaufe the Oblique Motion, which the Line 6 hath, 
whereby ’tis carried, either to the right or left Hand, 
is by no means contrary to the direct Motion down- 
ward ; and confequently, the Line à will move the 
fame perpendicular Diftance in the fame.time, with 
an equable Motion, whether the later Motion be 
imprefl:d upon it or nor. Wherefore, 


TV. All Par:flelogramick Figures, with equal Bafes 
and equal Perpendicular Altitudes, muit be equal. 


6. In every Parallelogram.the oppefixe Angles are 
equal. Letthe Parallelogram be oc: 
47 I fay, the Angle o, is equal toc; for 
“/ the Angle ois.equal to the Alternate 
ane 6 (1. 31.) and the External one b 
is equal to the Internal one e¢ (1. 31.) 

wherefore o is equal to c. 
| 7. ALine, as d b drawn acrofs the 
75 Figure from Angle to Angle, is cal- 
led the Diagonal, and by fome, the 

Diameter, + od 
8. Every Parallelogram is divided intotwo equal 
Parts by the Diagonal. The Diagonal bd divides the 
Parallelogram o c, into the two equal Triangles o bd 
and bc d. For, 1. The Angle o is equal tac (3,6) 
| 2; The 
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2. The Angle o dd is equal to c d b (1. 31.) and 
e Side 6d is common to both thefe Triangles; 
wherefore the Triangle o b d is equal toc d b (by 


Lora.) | 

_ 9. In every Parallelogram, the oppofite Sides are 
lways equal. | 

| For (drawing the Diagonal db) the whole Trian- 
le do b will be equal to the Triangle be d, by the 
pregoing Prop. And confequently, theSide c 4 muft 
e equal to o 6, and the Side o d toc b. 

10. Two Diagonals,ac and b d do, biffe& each 
ither in the middle at e. 

For ia therwoTriangles aedand bec,the Sidead 
5 equal todc (3. 9.) The Angle e a dis equal to ecd 
1.31.) and moreover the (Vertical) 
angles ed and ce bare equal alfo 
L. 23.) Wherefore the whole Triangle 
(ed zs refpeétively equal to the Trian= 
le bec (2. 14.) And confequently, 

e Side de isequaltoe b, and the Side ae to the 
ide ec. The two Diagonals therefore biffeét each 
cher in the middle. Q.E.D. 

11. Every Righc Line, as f g, pafling through the 
hiddle of a Diagonal, divides the Parallelogram 
nto two equal Parts. 

To demonftrate which,the Trapezium or Irregular 
Quadrilateral Figure fg d a muft be proved equal to 
ne Trapezium fg cb. And that is thus done. 1. The 
-riangle bef is equal tothe Triangle deg: For the 
ide de is equal toed by the Suppofi- | 
ion; and the Angle ef b is equal to pet Ba 4 
ig d (1. 31.) and the oppofire Angles De] 
ite areequal ;whereforetheTriangle g . C 
jf b is equal to edg (2. 14.) 2. The & : 
treat Triangle abd is equal to bdc (3. 8.) wherefore 
{ from the Triangle 2 » d you take away the little 
Triangle fe b, and inftead of ir put the Triangle e dg 
| 30 (which 


Au 
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(which is equal to f e b) you will have the Trapezium 
fad g, which will be equal to the Triangle 2db: 
What is, to juft one half of the whole Parallelogram: 
(3. 8.) which was to be proved. 

12. Ifin the Diagonal dd you take a Point as e, 
and thro’ it draw two Lines bz andf g parallel to 
the two Sides of the Parallelo-. 
gram, it will be divided by them 
into four leffer Parallelograms, i. e. 
f i, bg (which two are called the 
Parallelosrams about the Diameter ) 
and ae, ec; which other two are 
called the Complements, And thofe two Comple- 
ments with either of the Parallelograms about the 
Diameter, make a Figure that is called a Gnomon; 
As you fee in the Figure, where the Gnomon is di- 
ftinguifh'd by being fhaded. 

13. In every Parallelogram the Complements are 
equal, We muft prove that ea is equal toe c. 


DEMONSTRATION. 


The whole Triangle 4 b dis equal to the whole 
bdc(3.8.) And the little Triangle e f b is (for the 
fame Reafon) equal ro e i, And 
the Triangle bed is alfo (by the! 
fame) equal toedg. Wherefore 
if, from the two equal Triangles 
abdand 6 dc, we takeaway equal 
things, v7. if from one we take an 
way e f band d he,and from the other ebzande y d, 
there will remain on one Side the Paralellogram ea, : 
equal to the Parallelogram ec, which remains on + 
the other; which was to be proved. k 

14. Parallelograms having the fame Bale, and be- 
ing between the fame Parallels, are equal. 

ear Let 
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| Let there be a Parallelogram b c, and another af, 
oth on the fame Bafe 4 6; and let the 
.ine c d, when produced, be {uppofed 
po pals by e f ; fo that the two Paralle- 
bgrams fhall be between the fame Pa- 
ailels, and terminated by them ; that 
5, between the two Parallels c f and 4 b. I fay then, 
hat the Paralellogram c b is equal to a f. 

| For c ais equal to À 4, and ae equal to b f, be- 
jaufe oppofite Sides of Parallelograins, and the An- 
iles at cand d equal (by 20. 1.) wherefore the Tri- 
ingle c ae is equal to the Triangle dbf. Now if 
rom each of thefe equal Triangles be taken the lir- 
le Triangle doe, and to the Remainders be added 
he Triangle 4 o b, the Parallelogram a d will be e- 
qual to the Parallelogram 2 f Q. E. D. 

15. Parallelograms on equal Bafes ab and g hand 
berween the fame Paralleis a and c f, are equal. 
For if we imagine the third Parallelogram f 4 to 
pe drawn ; that ihall be equal to the Parallelogram 
pd, becaufe on the fame Bafe 4 b with 
ir, and between the fame Parallel d_e $s 

ines ah and cf. And that Paralle. ‘TT 
cogram will alfo be equal to e 5, be. 
aufe it hath the fame Bafe e f with 
tc (it matters not whether you reckon 
the Bafe above or below) and it is berween the fame 
Parallels. Therefore b e and  c, being both equal 
to the third Parallelogram f 4, muft be equal to 
reach other. : 

16. Triangles on the fame Bafe a b, and being be- 
rween the fame Parallels cf and 4 b, | PA 


are always equal. € À 
The Triangles bc isequalto se b: Ne 


Becaufeif youimagina Linebddrawn a}, 
parallel to a c,and another as 4f,drawn 

yparallel to 4 e;there will be made me AR 
| a c dd, 
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acdbandae fb; which being on the fame Bale, 
and between the fame Parallels, will be equal to one. 
another (3. 14.) 

Bat the Triangle 4 b c isthe half of rhe Parallelo- 
gram 4 c db, and the Triangle 4 b e isthe half of 
the Parallelogram se fb (3.8.); wherefore, (/ince’ 
the Wholes are equal,the Halves muft) and confequent- 
ly the Triangle a c b is equal co the Triangle a e b. 

17. Triangles on equal Bafes, and between the. 
fame Parallels, are alfo equal ; as is very eafy to 
prove from (3. 15.) 

18. If a Triangle a cb have the fame Bafe with a 

Parallelogram, and be 
“| e C allo between the fame 
à «| Parallels, it fhall be juft 
the half of that Paralles 
logram, For it will ill 
be equal to a bc, which 
is juft half (3. 8.). of 
abcd. 

The Menfuration of 
all Squares, Rectangles, Parallelograms and Trian- 
gles will be underftood from what hath been deli- 
verd above. If you fuppofe, | 

1. That the Defcribens AB 
or A C, before its morion, be 
divided into any determinate 
Number of equal Parts ; and 
the Dirigent (now fuppofed to 
ftand at Right Angles with ir) 
into the fame oranyother Nume 

: ber.of fuch Parts ; for then the 
Motion of the Defcribent Line, thus mark’d our by 
Points into Unirs will deicribe a Square (if the Di- 
rigent be equalio it) and a Rectangle if it beune. _ 
qual. Which Square or Rectangle will be divided 
into as many little Squares as there are Units ig 

the 
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ne Product of the Number of the Divifions,or equal 
arts in one Line, multiply’d by thofe in the other; 
hat is À B 4 multiply’d by A D 4, produces 16, 
1e Square of 4. And AC 6 multiply’d by A D 4, 
roduces24; the Rectangle under A C and A D. 
o that what is a Product in Numbers or in Arith- 
getick ; in Lines, or in Geometry, is called a Rect- | 
agile. And therefore you will find the Latin Wri- 
ers of Geometry, when A C is to be multiply’d by 
D, not faying Mulziplica, but Duc A Cin AD. 
hat is, carrythe Line AC along the Dirigent AD, 
1 a Normal Pofizion to it, till it come to end, and 
sen ic will form the Rectangle A F = 24 ; where- 
ere the Area of a Square is found, by multiplying 
we Side A B into irfelf. 

The Area of any Rectangle, as A F, is found by 
tulciplying the Side A C 


y AD. B 
And fince a Rectangle : 


the fame Rafe and of /°p VE 
ve fame Altitude with a We Are PA 

rallelogram is equal to se 
;3 to find the Area of 
ny Parallelogram, as A B, you muft multiply the 
ide A C by a Perpendicular, as P, let fall from the 
her Side to ir. 

And fince every right-lin’d Triangle is the half 
© a Parallelogram or 
tectangle of the fame 
il and Altitude: To 
id the Area of the Tri- 
agle ABC, you muf 
\ultiply any Side,as BC, 
7 aPerpendicukr, as P, 
Efailtoicfromanoppo- : 
ce Angle, and take half the Product: or if either P 
: B happen to be even Numbers, multiply one sf 

| 20 
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Z of the other, the Product is the Area of the Tri. 
angle. ia 
19. A Pentagon isa Figure having five Sides and 
five Angles, | 
If all the Sides are equal, and confequently the 
Angles, ‘tis called a Regular Pentagon. | 
20. An Hexagon is a Figure of tix Sides and Ane 
gles, an Heptagon of feven, an Ofapon of eight, &e: 
which are all called Regular when they have equal 
Sides and Angles. | 
21. À Polygon in general fignifies any Figure of 
many Sides and Angles; but no Figure is called by 
thisName,uniefs it have more than four or five Sides, 
22. Every Polygon may be divided | 


Mea into as many Triangles as it hath Sides; 
if any where within the Polygon you 

DO _ take a Point, as 2, and from thence 
A draw Lines to every Angle 2b, ae; 

“f a d, &c. they fhall make as many Tri 


_ angles as the Figure hath Sides. | 
23. The Angles of any Po/ygon taken all together, 


will make twice asmany Right ones, except four.as_ 


the Figure hath Sides, v. gr. If the Polygon have fix 
Sides, the double of that is 12; from whence take 
four, there remains eight. I fay, thar all the Angles 
of that Polygon, viz. b, c,d, e, f, g, takentogether,aré 
equal to eight Right Angles. For the Linesab, ac, 
ad, &c. do divide the Figure into fix Triangles; the 
three Angles of each of which are equal to two Right 


ones (2. 9.);fo that all theirAngles together make 13° 
Rightones. But now, each of thefe fix Triangles 
hath one Angle in thePoint 4, and by it they compleat 
the {pace ail round the {aid Point. And all the Angles 
about thatPoint,are equal to four Right ones (1.22,) 
Wherefore thofe four being taken from 12, (The Sum. 
of the Right Angles of all the fix Triangles) leaves 
eight, the Sum of the Right Angles of the Hexagon; 

which. 


‘fi 


! 
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‘which make 8 times 90, or 720 Degrees; and 
itherefore each Angle muft be + of that, viz. 120 
Degrees. 

So that the Figure hath plainly twice as many 
Right Angles as it hath Sides, except four; which 
was to be proved. 


CO Ont ay... 


All the external Angles of any Rightelined Figure, 
are equal to juft four 
ight Ones: For draw- 
ing out the Sides, as in 

the Figure, ’tis plain” 
the internal and exter- 
aal Angles together will 
ake twice as many 

ight Ones as the Fi- 
gure hath Sides ; but 
he internal Angles are 
equal to all thofe, ex- 


wewaceeweee 


4 
# 
0 
+ 
+ 
+ 
2 


7 drawing Lines from Angle to Ar. 


le. But then the Number of the | 
lides will exceed that of the Trian- \ ÿ 
des. And hence the Area of any LA 


«ight-lined Figure may be found, by 

educing it into Triazgles, and then finding the As 
za of each Triangle {everally, adding all into one 
lum. 


D PRO- 
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PROBLEM I. 
On a given Line ab, to make a Parallelo- 
gram, having an Angle equal to a given 
Angle A. . 


Make the Angle ca b= A. Then take a 6 in your 
Compaffes, and {etting one Foot in c, ftrike an Ark 


a 


asd: Next take the Diftance ac, and placing one 
Foot in b, crofs the Ark ind: draw c d and dé, 
and it is done. | 
And thus alfo may the Line cd be drawn parallel 
- 1046, thro’ a Point affigned, and any Parallelogram 
readily be defcribed. | 


PROB. 
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PeR Og “IE 


A Triangle abd beiug given, to make a Pa- 
rallelogram equal to it, which foall bave 
a given Angle equal to A. 


Biffe& the Bafe of the Triangle inc: Make the 
ngle c de =A, thro’ the Vertex 4 draw ae parale 


el to the Bafe bd. Make ae —c d, and draw ac. 
o will ce be the Parallelogram required. 

For being on but half the Bafe, and of the fame 
“eight with the Triangle, it will be equal to ir, 
poy the 18rb of this Book, and its Angle c de is es 
qual to A. Q.E.F. 


PROS. IH: 


Dn a Line given, as A, to make a Parallelo- 
gram equal to a given Triangle cbe, 
and having an Angle equal to an Angle 
given, as À. 


Make the Parallelogram doequal to the Triangle, 
and having ics Angle e— A, by Problem the Jatt. 
D 2 Thea 
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Then produce po, till om become equal to L, and 
draw out de, tillem be alfo equal to L. Then draw. 


LAPS 
| à 2 


de a 


the Disgonal 2 o, producing it till ir meet with d p, 
alfo produced to f. Then draw fk—dn, and nk== 
df, and that will compleat the Parallelogram fx ; 
in which the Complement g m will be equal to pe, 
(3. 13.) which is equal to the Trianglecbe. Q.E.F. 

And thus ‘tis eafie to make a Parallelogram equal 
to any Right-lined Figure given, by reducing that 


Le 


Figure into Triangles, €c. 


Of a Circle. 


€ Line is faid to Touch (or to be a Tan- 
WAS gent to) a Circle, when, 
Dy 4 LNG though produced both 
ey SQ Ways from the Point 


CPS) of Contact , ic will 
only touch it, and nor 
#orenter within it. Thus the Line 
Le the Circle C, as that Circie 
doth the Circle D ; bur d enters 
thin the Circle, and cuts it, and is called a 
pcant. 2 
:2. Ifa Right Line enter within a Circle and cut 
into twe Parts, thofe Parts are called Segments : b 
ia lefs Segment, and D a greater: That Part of the 
D 3 Line 
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Line cutring the Circle (and which # within it) is 
called a Chord as ef. And the Parts of the Circle (or 
rather Circumference) cut off, are call’d Arks: The 
Chord with the Ark makes two mix'd Angles, as e 
and f. and they are call’d Angles of a Segment. 
3. If you take a Point, asc, in the Ark of any Seg- 
’ ment, and from thence draw re Lines 
ca and cb (tothe Ends of the Chord) they 
ob fhall make an Angle ac; which is call’d 
| an Angle in a Segment: And that Angle 
ach is {aid to infift or fland on ab d, the 
Ark of the other Segment below. 
4. A Sector of a Ciftle is a mix’d 
Triangle comprehended between two 
+ Radii, ab, ac, and the Ark of the 
Circle 5c; ’tis mark’d in the Figure 
b < by being fhaded. 

5. If atthe End of any Radius, or Se- 
midiameter, a4 6, you draw a Perpendicular, asd, 
it hall couch the Circle but in one Point. And all the 

Points of the Line b d fhall be without 
ab d. the Circle, v.g. [fay, the Point d (or 
AVA any other affignable) is without: For if 
yg you draw the Line 4 d from the Center, 
and that fhall cut the Circle in the Point 
c, that Line ad will be longer than a 6; 
(2.17.) and confequently longer than ac, which is 
equal co & b (1. 14.) Wherefore the Point d is with- 
out the Circle. Q.E.D.: | 
6. À Chord, as b c, is divided into two equal Parts 
(or biffected) by a Perpendicular da, 
drawn from the Center a. For the Tri- 
angle abc is an Ifofceles, becaufe ba is 
equal toca (1. 14.) and therefore the 
Perpendicular 4 d biffects the Bafe bc 
(2.16.) The Ark bc is allo by this 
means biffected. 


7: Two | 
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7. Two Tangents, c b and cd, drawn from the 
ame Point without a Circle, are equal one to ana- 
her. For, draw from the Center to the Points of 
Contact, ba and 4 d; Then will thofe 
Lines be Perpendiculars to the Tangents | 
by 4. 5.) Then if you draw alfo the i A 
Line b d, the Angle 2 b d will be equal to 5 
sdb (2.15) Wherefore if from the 
Right, and (confequently) equal Angles 
~$aandcda, you take away the equal One a6 d 
ind 2 db, the remaining Angles cbd and c db will 
5e equal: Wherefore their oppofite Sides muft alfo 
5e equal by the Converfe of (2. 15.) That is, ¢ is 
equaltocd, Q.E.D. 

8. Equal Chords, as bc and fh, do cut off equal 
Segments bdc and f gh. And the Perpendiculars ae 
and 4 i, drawn to them from the Center, are allo e- 
qual, as is eafily proved; (faith Pardie, but he gives 
us no Demonftration.) Yet ’tis plainly thus proved ; The 
Chords and Arks are both biffeGed by the Perpendicu- 
lars (4. 6.) And therefore the Sectors cad, 
dab, fagandgah, muft be all equal; 
as alfo will all the Triangles x,z, 0 and k, 
by (2. 11.) Therefore their Doubles will 
alfo be equal, i, e. The Seëtor bac will be 
equal tofah: And the Triangle bac to 
the Triangle fah. And if thefe laft Tri- 
angles are taken from the equal Seétors h afand bac, 
the Segments bcd and hg f muft remain equal. That 
the Perpendiculars are equal, is plain from the Equa- 
lities of the Triangles z ando, or X and K. 

9. Let there be a Semidiameter Rc, and a Per- 
pendicular (40 st without the Circle)R T, 
another Line cutring the Circle in S, be 
and a Perpendicular (let fall from thence) ( *-}s 
to the Radius RC inn (a Point within \& 
the Circle.) All thefe Lines have Artifi- : 
D 4 cial 
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cialNames. The Line TR is called the Tangent of the 
Atk RS (which fuppofe 30°.) TC is called the Secant : 
of the fame Ark of 30°, and the Line S » is called 
the (Right) Sine ef the fame Ark. RC is by fome 
called the whole Sine, but moft ufually the Radius. 
And # R is called the Verfed Sine of the (ame Ark. 
| J0. If in the Circumference of a 
d Circle, you take two Points, as 4 and 
b, and from thence draw two Lines to 
the Centre c, and two others to any 
Point, as din the Circumference ; they 
D will make two Angles, of which ac 6 
is called an Angle at the Center, and 
a dban Angle at the Circumference. 
11. The Angle at the Center ach is always dou- 
ble to one at the Circumference 4 db : 
d (snfifting with it on the fame Ark ab.) 


om 


À Of which there are three Cafes. 


a—b I. If one of the Lines, as db, pals 
thro’ the Center c, then ‘tis plain the 
external Angle a cb (2. 10.) will be equal to both | 
the internal and oppoñteOnes 4 and draken together, — 
But the two Angles d and a are equal, becaufe 
acd isan Ifofceles Triangle, whole Side ac is equal 
to cd (2.15.) Therefore the Angle c ar the Center 
being equal to both, is double of either alone - That | 
is, double rod. Q.E. D. | 


{I. If neither of the Lines db, de (which form — 
the Angle at the Circumference) pats 
thro’ the Center c: (Bur fall both on the 
fame Side of the Diameter) Let the Dia- à 
meter dce be drawn. Then will the. 
whole Angle ace (at the Center) be 
double to the Angle ade (at the Cir- hd 
: cumference) | 


D nasal © 
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umference) by what was proved in the firft Cale. 
ilfo the Angle bce is double to b de, by the fame. 
Wherefore if from the Angle ace, we take away 
hat 6 ce, and from the Angle a de, which is the half 
face, we take away de, which alfo is the half 
if bce, the remaining Angle # db muft be juft the 
aalf of ac b. Fortis as plain as an Axiom, that if 
me Quantity be double to another, and you take 
‘way from the Bigger, juft the Double of what you 
ake from the other, the Remainder of the Bigger 
muft be double to the Remainder of the Leffer. 


III. If the Diameter fall between the Lines form- 

mg the Angle at the Circumference : 

Then will, as before, the Angle ace b 

se double to abe (by Cafe 1. of this) 

ind the Angle ecd will be double to 

: b d by the fame; therefore the whole 4 
Angle acd muft be doubletoz bd. 4 

{So that in all Cafes the Angle at the 

Center is double to one at the Circumference, if they 
both ftand on the fame Ark, or (which is all one) are 
inthe fame Segment. 

12. All Angles (27 the fame Segment or) infifting on 
the fame Ark 4 b, are equal, lec them 
cerminate in any Part of the Circum- 
ference whatfoever. ! 
_ For the Angle 2dé willbe equalto ¢ 
aeb, becaule each is the half of the 
‘Angle at the Center ac b (4. 11.) 
13. An Angle at the Center bce, d : 
ftanding on half of the Arkzeb,ise- CAR 3 
qual to tbe Angle a d at the Circum- 
ference, ftanding on the whole Ark, 
for c is equal to twice x; (by 4. 11.) 
and x is equal to 0, that is to balfabd, 
(4.6. and 4,8.) Wherefore c is equal toadb.Q. E. D. 
4 ; 14. The 
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14. The Angle 4 db ftanding on the Semi-circume 
ference aeb (or being in the Semi-circle a db) isa 
Right One. Let ce be drawn bif- 
fecting the Semi-circumference ae b; 
then is (by the Precedent) the Angle 
jf ace at the Center, ftanding on half 

/ a Semi-circle (or on a Quadrant) e- 
qual to + db at the Circumference, © 
which flands on twice that Ark, ot 
on a Semiccircle. But ace is a Right Angle: 
wherefore 4 db (it's equal) mutt be fo too; 


COROT TA RY’ 1: 


Hence is derived the Common Practice of Erect- 
ing a Perpendicular, as 4 b, at the End of a given 
Line. For opening 
the Compaffes to any 
convenient Diftance, 
. fer one Point in c, 
: and with the other 
: draw the Ark dba, 
‘LE cutting the given Line 
in ds; then a Ruler 
| laid from dtoc fhall 
find the Point 2, which is perpendicularly over 6 : 
Por the Angle dda, being in a Semi-circle, is a 
Right One. 


COROL. 
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Hence alfo arifes this expeditious Practice of 
irawing from a Point given, as 4,a Tangent, as a b, to 
given Circle. For joining the Points a and d, the 


Center of the Circle, biffect their Diftance a d'in the 
Pointc: One, as a Center, defcribe the Semi-circle 
‘bd: So fhall ab be a true Tangent, becaufe the 
Angle 2 b d being in a Semi-circle, is a Right One. 

15. The Angle abd ina Segment lefs (than a Se. 
ni-circle) is Obtufe : Becaufe the — 
Ark ze d being mere than half the 
~ircumference, its half, the Ark a e, 
muft be more than 90°; therefore 
the Angle 25d, which is equal to 
tc e,(4.13.) muft alfo be more than 
30°, that is obtufe. 


16. The 
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16. The Angle 26d made in a Segment greater 
than a Semicircle, is Acute. | 

For ’tis equal to the Angle ace (4 
13.) whofe Meafure ae being the 
half of aed, an Ark lefs than a Se- 
micircle, muft be lefs than 90°. 
And therefore abd is lefs than 90°. 
(4 e.) Acute. 

17. Ifa Right Line, as g b, touch a Circle, as in 
the Point 4; and another Line as ae cut it there. 
The Angle 4 ae fhall be equal to 4, or any Angle 
made in the oppofite Segment ah e. And the Angle ~ 

e ag fhall be equal to f, or any An- — 

d gle made in the other Segment, 
à ef a. 


a For, drawing the Diameter a d, 
Ys which will be perpendicular to a 6, 
: b (4.9.) (and alfo the Line de :) The © 


Poot Angle aed willbe a Right One ; 
(4. 14) And confequently, becaufe the three An- 
gles of every Triangle are equal to two Right 
Ones, (2. 9.) the Angle e ad, together with d, muft 
make juft another Right Angle. ae 

But that Angle dae, together with e426, doth 
make alfo a Right One, becaufe the Radius ç 4 is 
perpendicular to the Tangent ab; wherefore cake 
away ead from both, and then ea} will remain e- 
qual to d;and confequently to 4, or to any other Ane _ 
gle in that Segment a he, or that ftands on the {fame 
Ark e fa: For all thofe Angles are equal (by 4. 12.) 
The Angle e 2b therefore is equal to b ; which is. 
the firft Part of the Propofition, 

We muff next prove the Angle g 4e to be equal « 
to f ; which is the other Parc. F1 

In the Triangle a fe, all the three Angles e, f and 
a, are equal to two Right Ones (2.9) And the An- + 
gle c is equal to fab, by the firft Part of this Pro- 4 

| potion + 


rd 
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sofition, for fa may be confider'd as cutting the 
Circle in the Point 2, where 4 à touches it, and con- 
equently f a b will be equal to any Angle that can 
be made in the oppofite Segment ah de f; and there= 
fore toe. Now the two Angles e af, and fab (that 
se) together with f, are equal to two Right Ones, 
T2. 9.) and fo area f, and fab taken together with 
tae (1.20.) Wherefore the Angle f is equal to 
tae. Which was to be proved. | 

_ 18. Every Quadrilateral Figure, as de fa, infcrib. 
‘din a Circle, hath its two oppefire Angles taken 
ogether (as d added tof) equal to | 
wo Right Ones. 3 

For if thro’ che Point 2, there be 
irawn a Tangent, as ¢ 6, and a Dia- 
ronal, as ea; the Angle at f will 
se equal to gae (4. 17.) and the 4 a b 
Angle e 24 will be equal to d (4. 17.) | 
ind confequently the two Angles, g ae and e a b, 
eing equal to two Right Ones (1. 20.) the Angles 
‘and f taken together, muft be fo too. 

After the fame Manner might the other two op. 
ofite Angles, d af, and def, be proved equal to 
wo Right Ones, by drawing another Tangent 
aro’ the Point fy | 

19. The Converfe of this Propofition is alfo ma. 
ifeft ; viz. That if any Quadrilateral Figure have 
s oppofite Angles equal to two Right Ones, it 
say then be infcribed in a Circle ; that is, a Cir- 
le may be made that fhall touch or pafs thro’ all 
s four angular Points, 


20 A 
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20. A Rectilineal Figure is faid 
to be circumfcribed about a Circle, 
when all its Sides touch the Circle 
without cutting ir. Thus the Tri- 
angle dae is circumfcribed about 
the Circle b g f ; becaule every Side 
of the Triangle touches the Circle 
À in 6, g and f. 

21. À Figure is {aid to be Infcribed in a Circle 
when all its Angles are in the Circumference of that 
Circle, as the Triangle a b c, in the following Figure. 

22. Every Triangle, a b c, may be infcribed in a 

£ Circle ; for if two AE . ë hb ang 
b 26 ei, are drawn perpendicularly bif. 

— a Circle may be drawn, which fhall 

pafs through 6. And I fay alfo, 


fecting the Sides ba and c b, they 
tbat that Circle fhall pafs through 4 and c. 


a will crofs or meet each other in the 
Point e, on which, as on a Center, 


For I. The two Triangles e ; b and ei are e. 
qual ; becaufe z 4 is equal to #4 by the Suppofiti- 
on, the Side e i is common to both, and the Angles 
at s are Right. Wherefore the Side e 6 is alfo e- 
qual to ea (2. 11.) 


Ul. And for the fame Reafon the Triangles eh ¢ 
and e hb may be proved equal, and confequently, the 
Side e c alfo will be equal to e band toe a. Bur if 
thofe three Lines are all equal, the Point e, where 
they meet, muft be the Center of a Circle of which 
they are Radii: And therefore the Triangle is cit- 
cumfcribed by a Circle. Q. E. D. 


And thus may a Circle be made to pafs through any 
three Points, if they be not all in a Right Line. 
23. Every 
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23. Every Triangle may (bave a Circle inferibed 
st, or) be circumfcribed about one. Vid. Fig. in 
ré, 20, 
For drawing the Lines 4e and e d, biffecting the 
ingles 4 and 4, and from the Pointe, where they 
tofs, letting fall the Perpendiculars (to the Sides 
fthe Triangle) eb, e fandeg ; I fay, that if you 
raw a Circle on the Center e through 6, that Cire 
e fhall touch all the Sides of the Triangle in the 
oins 6, fandg, | 


For I. The two Triangles ze f and ae bare em 
wal, as having the Side 4e common, the Angles ar 
sand à Right, and thofe at equal (by the Suppo- 
tion:) Wherefore e 6 is equal to ef. (2. 14.) 


IL. By the fame Method e g may be proved equal 
fo toe f, (that is toed) fo that thefe three Lines 
eing all equal, a Circle will pafs through their three 
xtremities, of Which Circle they will be Radii, and 
zing alfo all perpendicular to the Sides of the Tri- 
agle, the faid Sides are Tangents to that Circle (4. 
,) and therefore do circumfcribe it (by 4. 18.) 


24. Every Polygon circumfcribed about a Circle 

equal to a Rectangled Triangle, one of whofe 
egs fhall be the Radius of the Circle, and the o- 
aer the Perimeter (or the Sum of all the Sides) of 
ae Polygon. ; 
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Let the Line FA be equal to the Radius fh, and 
to it, at Right Angles, draw the infinire Line 
ABCD, €c. out of which take Ah equal toa h, 
hBequal to bb, Bi equal to 67, andz C equal to 
ie, &c. So that the whole Line ABCDEA may be 
equal to the whole Compas, or Perimeter of the 
Polygon + bcdea. Alfo draw FF parallel to AA, 
fo that all the Perpendiculars, F4, Fi, Fk, &c 
may be equal to the Radius f+, or fz, &c. ’Tis 
then plain, that the Triangle A F B will be equal to 
the Triangle 4 f b inthe Polygon, and the Triangle 
BFC, tobfc; and allo CFD,te cf d, &c. So that 
all chefe Triangles taken together, will be equal to 
all thefe in the Polygon, or to the whole Polygon. — 
But the Triangle FAA is equal to all the five 
Triangles within the Parallels ; becaufe drawing the 
Lines, BF, CF, DF, &@c. the Triangle FAB will 
be equal to FAB, FBC to FBC, &c. (3. 16.) 5 
wherefore the Triangle F A A is equal to the Poly- 
gon, which was to be proved. | 
25. Every regular Polygon is equal to a Rectan- 
gled Triangle, one of whole Legs is the Perimeter 
of the Polygon, and the other a Perpendicular drawn 
from the Center, to one of the Sides of the Polygon, . 
The Proof of which is the fame as that in the pre- 
cedent Propofition ; For all the Perpendiculars f 6, 
fi, fk, &c. are equal, &c. See the laft Figure. 
Wherefore the Area of every regular Polygon 5 found, 
my multiplying the Perpendicular let fall from the 
Center of the infcribed Circle by any one Side ; and 
then multiplying the half of the Product by then 
Number of the Sides. À 


26. Every 
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26. Every Polygon circumfcribed abouta Circle, 
8 bigger than it ; and every Polygon infcribed, is 
efs than the Circle; as is manifeft, becaufe the 
hing containing, is always greater chan the thing 
contained. 

127. The Perimeter, or (as fome call it, tho’ im- 
iroperly) the Circumference. of every Polygon cir- 
mmi{cribed about a Circle, is greater than the Cir- 
umference of that Circle ; and the Perimeter of 
wery Polygon infcribed, is lefs. 

28. [fin any little Segment of a Circle, you in. 
cribe an Ifofceles Triangle, as abc; fo chat abbe 
qual todc; I fay, that Triangle fhall 
greater than half that Segment. 
or if you draw a Tangent e b d,which 
all be parallel to c 4; and which 
iall be, as czis, perpendicular to the 
wadius bf ; (4. 5.) (4. 6.) And then 
ompleat the Rectangle ad ec; that 
vectangle will be greater than the whole Segment 
cb: Butthe Triangle adc, is the half of that 
arallelogram (3. 18.) And therefore mutt be greater 
san half the Segment a 6 c. : 

29. Let therebe a Tangent 2 d b, a Secant fc b, 
‘Chord ac, and another Tangent cd; I fay, that 
we Triangle dc is more than half the mixt Trian- 
ce ac b, comprehended between the Lines 44, be, 
ad the Ark of the Circle ac. For in | 
se Triangle dbc, the Angle c, being 
[Right one (4. 5.) the Side d b, is 
inger than dc (2.17.) That is, chan 
(4; whichis equal to de (4.7.) & 
therefore the Triangle bdc (having À 

longer Bafe, but the fame Heignt À 
ith adc) muft be greater than it ; 
15 ray be collected from (3. 7.) And 
.erefore it muft be greater than the 


fo. SELENE NES | 
half of the whole Triangle acb. But the Triangle 
acb, is greater than the mixt Triangle, made by the © 
Ark ac, and the Right Lines, 2b and ac; and. 
therefore the Triangle bdc, (which is more than — 
half of ac) muft be greater than the half of the 
mixt Triangle abc. Q.E.D. 
30. From thefe two laft Pofitions, it follows, that 
by multiplying the Sides of Polygons, you may make 
them fo circumfcribed about, or infcribed in Circles, 
that che Difference by which the circumfcribed ex-_ 
ceeds, or the infcribed wants of the Circle. fhall be 
as (mall as you will: Becaufe if from any Quantity 
whatever, you take more than the half, and from the 
Remainder more than its half, and again from that 
Remainder more than its half ; you may by doing 
this very often, at laft come to leave a Remainder as 
{mall as you pleafe; asis felf-evident. Thus (See 
the 28th Figure) after a Triangle is infcribed ina Cir 
cle that fhail be lefs than it by the three great Seg= 
ments, you may infcribe an Hexagon that fhall exe 
ceed the Triangle by thofe three Segments, but fhall 
be lefs than the Circle, by the fix little Segments 
that are left white in the Figure, 
But chofe fix white Segments taken together, do 
not contain fo much Space as the half of the three 
former fhaded ones, (4. 28.) After this you may als 
fo infcribe a Duodecagon, which will be leffer than. 
the Circle by 12 fmaller Segments; which 12 Seg= 
ments will ftill be lefs than the half of the fix Segs 
ments of the Hexagon: And thus may you, by in= 
creafing the Number of Sides of the Polygon, leffen 
the Difference by which the circumfcribing Circle 
exceeds it, as much as you pleafe. So likewile on 
the other Hand, you might have firft circum{cribed 
a Triangle, then an Hexagon, and then a Duodecas 
gon, &c, (and have made, that way, the Difference 
between the circumfcribing Polygon and the Circle, as 
fall as you would.) 31. Every 
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31.Every Circle is equal to a Rectangled Triangle, 
ne of whofe Legs is the Radius, and the othera 
Aight Line equal to the Circumference of the Cire. 
le. For fuch a Triangle will be greater than any 
folygon infcribed, and lefs than any Polygon cir- . 
umfcribed, (by 24, 25, 26, and 27 of this fourth 
book. ) And therefore muft be equal ro the Circle, 
| For fhould it be grearer than the Circle, be the 
excels as little as it will, a Polygon may be Cir= 
umicribed, whofe Difference from the Circle fhall 
< yet lefs than the Difference between thar Circle 
nd the Rectangled Triangle, and thar Polygon 
rill be lefs than the Triangle, which is abfurd. And 
“it be faid that this Retangled Triangle is lefs 
aan the Circle, an infcribed Polygon may be made; 
rhich fhall be grearer than that Triangle, which is 
npofiible. 

* This kind of Demonftration,which we here ufe, 
cand which is called Reductio ad Abfurdum, five ad 
iImpoffibile, is one of the fineft Inventions of the 
Ancients: And on it is founded all the Geometry of 
iIndivifibles ; fo that I cannot but much wonder 
fome of our Modern Authors fhould reject it as 
‘indirect and deficient. But if we muf arrive to 
lfuch a Point of Nicenefs, that we can’t bear any 
iDemonftration, unlefs it be Dire& and Pofirive ; 
"tis eafy enough to give rhis before us fuch a Turn, 
as fhall render it Regular and Direct. | 
* For this cannot but be admicted as a Principle; 
That if two determinate Quantities a and b are fuch, 
that every other imaginable Duantity, which à £reat= 
er or lefs than a, is alfo greater or lefs than b : thefe 
éw0 Quantiries a and b mult be equal. And this 
Principle being granted, which is in a Manner felf- 
evident, it may directly be proved thar the Trian, 
igle (before-meniion’d) is equal to rhe Circle : Be. 
cauic every imaginable infcribed Figure, which is 

E 2 * lefe 
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© Jefs than the Circle, is alfo lefs chan the Triangle : 
‘ And every circumfcribed Figure greater than the 
‘ Circle, is alfo greater than the Triangle. 

This is that which is called the Quadrature of. 
(or {quaring ) the Circle, which confifts in finding a _ 
Square, Triangle, or any other Rectilineal Figure | 
exactly equal ro a Circle. And this would eafily — 
be done, could we find a Right Line equal to the 
Circumference ; as is plain from this laft Propofi- 
tion. But fuch an Equality is not to be found Ge- 
ometrically. / 


To find the Area of a Circle. 


Since the Circle is equal to a Right-angled Tri- 
angle, whofe Bafe is the Radius, andthe Perpendi- 
cular a Line equal to the 
Circumference; half the 
Product of the Radius — 
into the Periphery, will 
give the Area of the 
Circle. À 

In Practice, therefor 
fay, either as 7 : to 22 
:: Sois the Diameter in 
Inches equal Parts, Ec. 
to the Circumference, or more nearly and without 
Divifion, fay, as r000 is to 3141 :: Sois the Ra- 
dius of any Circle in Inches (fuppofe 9 Inches) to 
28.269, which therefore will be Semi-circumfe= 
rence: And this mulriplyd by 9 Radius, gives 
254.421, for the Area required. 4 


For the Area of a Se&or or Segment of any Circle. 
Since a Circle may be conceiv'd as an Aggregate 
of an infinite Number of Ifofceles Triangles, whofe 
common Vertex is the Center ; any Portion of the 
Periphery, as bc, being confidered as a ftrait Line, 
AE à - and. 
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md the Perpendicular ae let fall, the Area of the 
ector muft be half the Product of the Ark 4 c into 
se Radius #e; and if from the Sector you take the 
rea of the Right-lined Triangle a c, there will 
tmain the Area of the Segment bec. 

32. [fa Right Line could be difpofed into theForm 
‘che Circumference of a Circle, ic would contain 
sore Space than any other Figure, or Regular Poe 
igon wharfoever : Suppofe the Circumference of 
ce Circle, abcd, to be difpofed into the Form of a 
quare, or into any other Regular Polygon : So that 
À the Sides eg, gh, bi, and ze to- 
ether may be equal to the Circum- 
irence ab cd; I fay, the Circle is 
reater than thar Square. For the 
ircle is equal co a Rectangled Tri. 
aigle, one of whofe Legs is the Rae 
us f a, and the other the Circum- 
rence. Andthe Polygon is equal 
fo to fuch a Triangle, one of whofe Legs is the 
me Circumference 4 b cd, or the Sum of the Sides 
ei b ; and the other Leg is the Line fo (4. 25.) Bur 

the Line f o is lefs than the Radius fa; fo the fe. 

ond Triangle, which is equal to the Polygon, muft 
 Jefs chan the firft, which is equal to the Circle ;, - 
wd therefore the Square or Polygon mutt be Jefs 
ian the Circle, which was to be demonftrated. 
‘© And this is what we mean, when we ufually 
Say, that of Ifoperimetrical Figures (or which have 
equal Perimeters or Circumferences) the greateft is 
the Circle. | 


Before we go to Solids, I thought it proper to 
ve the Learner here, this moft noble Theorem of 
vthagoras ; becaufe, tho’ it be indeed demonftrated 

the fixch Book, yet nearly after Euclid's manner, 
may alfo be done here: Thus, — 

E 3 In 
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In every Rightangled Triangleasabe. TH 
Square of the Hypothenufe ac, is equal to the Sum 
of the Squares of the Legs a bandbc; For, 


I. The Square of c 4, is equal to the two Rect-! 
anglesd f and fe. 


II. The Rectangle d f is double of the Triangle” 
abd, being of the fame Baf> and Altitude ; and the — 
Rectangle f e is for the fame Reafon, double of t 
Triangle bec. (by 3. 18.) | 


IT. Bur thofe Triangles, being of the fame Bafe 
and Altitude with, will be equal alfo to one half 
of the Squares bb and bk: Wherefore the Square 
of ac isequal to the Sum of the Squares of theLegs. 


4 ME oan DA 
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Ihave here added alfo the Subftance of the fecond 
ok of Euclid, about the Power of Lines, &c. 
ind I would advife the young Geometrician, before 
e proceeds any farther, (and if not done already) 
» begin the Study of Algebra; a little of which 
‘ill be of excellent Ufe ro him in facilitating the 
temonftrations in Geometry, and in preparing the 
lind, and enuring of it co Abftraction, before he 
pme to the Doctrine of Proportion. And the four 
rft Rules of Addition, Subftrattion, Multiplication 
ad Divifion in Integers and FraGions, will be fuf- 
tient to enable him to underftand the following 
ropofitions: As alfo the moft ufeful Ones, which 
2 will find added (in this Edition) in all the fol- 
‘wing Books of thefe Elements. 


I. If there be two Lines Z and X, one of which, 
: 7, is divided into any Number of Parts, as inte 
—+e--i--o. The Rectangle under the two 
thole Lines z x, is equal to the Sum of all the 
cectangles made by x multiplied into the Parts of z. 


a e 1 0 
(eames Dtinsut Etat Oi: Fe, 


Al =| 
hatis, 2X —XaXe+Xi+ Xo. This is 


» plain, it needs no Proof. 


If a Right Line, as Z, be divided into two 
arts, 4—+ e; The Rectangles made by the whole 
ine, and both its Parts, are equal to the Square 
fthe whole Line. 


a e 


E 4 The 


Z 
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That is, ya-+ ze—=z3z. 
For ga=aa+ae. 
And z es ae-+ ee. 

That is, | + 
gatzvemaatraectee=—Q44-e.. 
Q. E. D. 1 


III. Let the Line Z be cut intoa—+-e; then fhall — 
the Rectangle under the whole Line (Z) and the. 
Part (4) be equal tothe Square of that Part a, to- — 
it with the Rectangle made by the two Paris 
a and e. 


That is, Z aa a-f- ae, 


a 


———— 


Z| 


For Z oo 4 +e 
And akeXa—aatae QED. 


IV. The Square of any Line, as Z, divided into 
any two Parts 4 and e, is equal to both the Squares 
of thofe Parts, together with two Rectangles made 
out of thofe Parts. 


That is, yz aa+2ae+ ee. 


a € 


7] cn jm : 


Multiply 4 + e by itfelf, and the thing is plain. 
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ase 

ae 

aa—ae 
+-aetee 


Sees 


Gusts 
aat2aet+ee 


SS 


COROLLARY. 


Hence ’tis plain that the Square of any Line is 
qual to four times the Square of its half. For fup- 
pie Z to be biffeéted, then each part will be 2, and 
vultiplying 4 + 4 by itfelf, the thing will plainly 


pea Le 


2|————-——| —— 


ata 
aa 


aa--a4a-+aal+aa4aa. 


jane 


V. If a Line be'divided into two Parts equally, 
nd in two other Parts unequally, the Rectangle 
nder the unequal Parts, together with the Square 
f (the intermediate Part) the Difference between 
he equal and unequal Parts, is equal to the Square — 
f half chat Line, 


Lez 
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Let the whole Line be 2 4, then each Part will 


bea. Let the leffer unequal Part be e, then the in- | 


termediate Part will be 4 —e, and the greater un- 
equal Part will be 24—e; which multiplied by 


SAS St ess SIN RRS wee eso see eeeae ne 
=~ = = 
es = - 
e » ue æ 
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e, produces 24e—~ee; To which adding the 
Square of the Difference, or intermediate part a—e, 


which is 2a —2ae + ee, the Sum will be only. 


a 4, the Square of half the Line. 


VI. If a Line be biffected,and then another Right | 


Line be added to ir, the Rectangle or Product of. 


the whole augmented Line, multiplied by the Pare 
added, together with the Square of the half Line, 
is equal to the Square of the half Line and part 
added, confider’d as one Line. 


Z| 


Let the firft Line be 2 4, and the Part added e, q 
then the whole will be 2 4 + e ; which multiply'd | 
bye, produces 2 4e + e e, and the Square of se che. 

| | | Line — 
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line 4 4 being added to it, it will be 2 ae--ee—L 
ia, which is equal to the Square of ae, by 
Trop. 4. 


VII. If a Quantity or Line be divided any how 
nto two Parts, the Square of the whole added to 
ie Square of one of the Parts, fhall be equal to two 
‘ectangles contained under the whole Line and thar 
art added to the Square of the other Parr, 


a e 


7] LE 


LES 


Let a be one Part, and e the other. The Square 
‘the whole and of the leffer Part e, makes a 4 À. 
ae2ee. Then if the whole 4 Le be multi- 
lied twice by e, it will produce 24e 26e: and 
to this be added the Square of the other Part 4 a, 
se Sum will be 

aa 24ae—+{2ee, equal to the former. 


VIII. Ifa Line be cut any how into two Parts; 
ae Quadruple Rectangle under the whole Line and 
ne of the Parts added to the Square of the other 
art, is equal to the Square of the whole and the 
ther Part added to it, as if it were but one Line, 


a € 


[ 


Let the whole Line be 4e, then four times thar 
wultiply’d by e (or the Quadruple Rectangle under 
qat and e) will 4ae—-+- 4ee; to which adding the 
quare of the other Part 2a, the Sum will be 
d+ 44e-+ 4ee. | 

And if you fquare a -}- 2e, which exprefles the 
whole Line, with e added to it, the Product will be 


ae former Sum of 4 a—-+-4ae + gee, 
| IX. If 


Z| 


EL 


us 
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IX. Ifa Line be biffected, and alfo cut intotwo — 
other unequal Parts, the Sum of the Squares of the — 
unequal Parts will be double to the Sum of the! 
Squares of the half Line, and of the Difference be- … 
tween the two unequal Parts. | 


“ie 
e 
net evi thee Meee. tee 
Oe Rica nee 
"Verve gryTs! 


Let the whole Line be 22; and the Difference _ 
between the equal and unequal Parts; then the — 
greater unequal Part will be 4 - b, and the leffer _ 
a— b : The Sum of the Squares of the unequalParts ! 
will be 2 a 4 -H 256, which is double to the Square _ 
of half the Line added to the Square of the Diffe- | 
rence. 9.02. Did: 4 


X. Ifa Line be biffected, and then another Line * 
added to it; the Square of the whole encreafed _ 
Line, together with the Square of the Part added, _ 
is double the Sum of the Squares of the half Line, ! 
. of the half Line and Parc added, taken as one 

ine. : 


a € 


= ae 


_. Letthe whole Line be 2 4, and the Part added et 
then the whole encreafed Line will be 2 4 + e ; and 4 
the half Line and Part added will be 2+ e. The 
Sum of the Squares of 2.4 +-e, and of ¢, is 4 a au 
“+ 4ae-+-2e¢; which is plainly double to aa, 
andea-—+2ae--ee, added together, 2. E. LA 
fon his! 
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A 
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This Problem is alfo of frequent Ufe. 


PROBLEM. 


to divide a Line fo, as that the Rectangle 
under the whole Line a c, and one Seg- 
ment ab, fhall be equal to the Square of 
the other be. 


A a 


eR ei Te 2g 


On ac make the (1) cd, whofe Bafe e c biflectin 

and draw 4 f; make f g —4f, and compleat the 
J bg, producing 64 to K; Thenis ac truly divided 
16; forthe Line e c being biffected in f, and the 
‘art c g added to it, the (by Prop. 6. of the Power of . 
ines) Re Kg +-fcq=feq=faqgmacqt 
cg: Wherefore taking f cg from both, the Rec 
I£ —acg, and taking the Rect. kc from both the 
sect. db (yj bg ; that is Re. cab —bya 
Q. E. F. 


N. BB. 
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N. B. This is called dividing a Line according to 
Extream and Mean Proportion ; which Propors 
tion cannot be exprefs d in Numbers. = | 


PROP.I. 

In au Obtufe-angled Triangle, the Square. 
of the Side fubtending the Obtufe Angle, 
exceeds the Sum of the Squares of the other 


two Szdes by the double Relfangle, (2ba) 
under the Bafe, and the part added to it. 


Let fall the Perpendicular p, and produce b, till 
it meet with it, | 


DEMONSTRATION.  * 


1.bh=bb-+rbataatpp. 
2. And oo =pp+aa. 
3. But bb+-00 =bb+aa-+ pp. 


Wherefore b b exceeds the laft Step by 2 b a: 
Q. E. D. PROPS 
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PROP. IL. 


# an Acute-angled Triangle, the Square of 

the Side (h) fubtending an Acute Angle, 
aslefs than the Sum of the Squares of the 

other two Sides, by double the Rectangle 
under the whole Bafe, (b+ a) and the Seg- 

ment of the Bafe (a) which is next to the 
Acute Angle. 


Let fall the Perpendicular p, 


DEM ONSTRATION. 
1 bh=bb-+-pp. 
2. co==pp-+aa, 
3 Q bf a=bb+rba+-aa. 
4. bb 


és” 'ELEMENRS | 


4. bb6-+-pp-+-22a-4+-224, is the Sum of the 
Squares of the Legs. | 


Wherefore b b is lefs than thar by 2424+ 248, 
which is plainly equal to the double Rectangle une 
der the whole Bafe, and che Part 4. 


dj} “if hey 
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GEOMETRY. 
BOOK V. 


Of Solids. 


Re S2O Right Line is faid to be Right up- 

=o, ÈS ona Plane, when it ftands on it 
at Right Angles, juft like a Pillar 
YS on the Ground, and is inclined 
>) no more to any one fide of the 
Z# Plane, than to the other, 
12. Two Planes are parallel to each other, when 
Mthe Perpendiculars that can be drawn between 
em, are equal. (That is, when they every where 
re equally diftant.) 

3. One Plane is right or perpendicular to another 
dane, when, like a well-made Wall, it inclines and 
ans on one fide no more than it does on the other, 


F 4 À. 
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4. A folid Angle is made by the meeting of three _ 
or more Planes,and thofe join-! 
ing in a Point ; like the Point 
of a Diamond well cur. 

5. If we imagine a Line, as 
a b, fixt above in the Point a, 
to be moved along the Sides | 
_ of any Polygon dbc; that. 
L Line by its Motion fhall de- 
{cribe a Figure that is call'd a 
Pyramid. | | 
_ 6. The Polygon is call'd the ! 
_ € c~ Bafe of the Pyramid. i 

7. Ifa Line faftened, as before, move round a | 
Circle, as dbc, it will defcribe a Cone 3; and the : 
Circle is its Bafe. Anda Line drawn from the 
Center e to a, is call’d its Axis. 

8. If a Line 4 b move uni- 
formerly about two Polygons: _ 
&faanddcb, which are every 
way equal, having their Sides | 
and Angles mutually parallel | 

- and correfponding exactly to 
one another, as aftobc,f 
to dc, &c. then that Line fhall 
by its Motion defcribe a Figure. 
which is call'd a Prifm, and the | 
Polygon is its Bafe. 


ook V. of GEoMETRY. 67 

9. Ifall the Sides of a Prifm be a Parallelogram, 
then that Prifm is call'd a Paralle- : 
piped. 

10. If a Line ab move uni. get JR 
L = \ . 
ormly round two equal and pa. “À | fi/ 
allel Circles, it thall defcribe or aeyb de> 
renerate a Cylinder. b 
11. The Line joining the Centers e ¢, in the two 
Safes, is call’d the Axis. 

* There is no need of conceiving two Bafes, eu 
‘qual, parallel and oppoñre, for the Genefis of 
Priims and Cylinders. For they will be defcrib’d 
as well by imagining a Line moving round the Cire 
cumference of any plane Figure with a Motion 
‘always parallel to it {elf in its firft Pofition. As 
‘if2b be tuppofed to be carried round any of the 
Bafes dc 6, keeping always the fame Angle with 
the Plane which it firf had, it will defcribe a Tri- 
angular, Quinquangular, or Circular Prifin, accord 
iing to the Figure of the Bafe. And the upper end 
cof the Line will defcribe a Bale (as you may call 
jit) at the Top, equal and parallel to that below, 


CORALLARY. 


The Solid Content of all Ifofceles Prifms and Cylin. 
78 (as alfo of all Parallelcpipeds) is had by multi. 
ying their Height into the Area of their Bafe. 
And if they are {calenous Prifms or Cylinders, by 
mltiplying the Bafe by the perpendicular Altitude, 
_ But after all, this Genefis of Prifms and Pyramids 
Mr. Pardie, refpects only their Surfaces. And 
erefore, the moft proper way to conceive the Ge- 
fis of all kinds of Prifms, is to imagine a Trian- 
2, Quadrilateral Figure, or Polygon, or the Plane 
‘a Circle to be moved in a Pofition always pared 
| a el 


7 a re ir a 
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lel to itfelf; as fuppofe from htoe, or from g tod 
(in the preceding Figures) according ro the Directi- 
on of the Line be or gd. Oraccording to Euclid, 
a Cylinder will be generated by the Revolution of | 
- the Parallelogram gede (See Fig. in Art 8.) round. 
about the Axis ae. ; 


Mi COROT PARRY 


And from hence (as was obferved before of Lines) 
"tis plain that equal Surfaces moved uniformly over 
equal Places or Intervals, will defcribe or generate 
equal Solids. 

And as for the Genefis of Pyramids, fuppofe the 
Triangle 4 bc, to move downwards from theT op of 

, | a Plane Angle, determined 
1C by the two Planes a A B, 
a À C : Lei this Motion be 
always parallel cto irfelf, 
and let the Angular Point. 
of the moving Triangle a, 
ale be fuppof{ed always to keep 
ee D in the Line 4 A. 
EVA) os - "Tis plain, as this Tri 
aN is MA EN down- 
Rire TP à wards, it will ftill ger more 

My) Va and more wichin eae Solid 

B Angle,and atlaft will come 

to be all of it within it, and | 
tolie in the Pofition A B C, which will be the Bafe | 
ofa Triangular Pyramid, whofe Vertex isata. 

The fame Triangle 2c, will alfo, by its Mo- 
tion, defcribe another Pyramid, whofe Bale fhall 
be the Parallelogram b c BC, and its Vertex a, as. 
before. : 


13, Th 
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13. If a Semi-circle # db be rurned quite round 
en its Diameter a 6, it will defcribe a | 
sphere or Globe, whofe Axis will be 4 b 


ind irs Center c, the fame with the Semi- d 4\ 
tircle. Every Line paffing through the € 
center c,and terminated ar each end by ‘YS 


the Surface of the Sphere, is called a D'- b 
«meter, and may be called an Axis. ~ 

14. Ail Lines drawn from the Center cto the Sure 
ace, are call’d Radii, and are all equal to one ano- 
ther. 


To find the Surfaces of Solids. 
I. For all Prifms, Parallelopipeds and Cylinders. 


Find the Perimeter of the Bafe (which in Practice 
5 done by girting it witha String) and mulriply that 
ty the perpendicular Height, the Product is the Sur- 
ace without the Bafe, (7. e, without rhe top and bot- 
om Planes) and the Bales may be found by the 
Aules given in Plain Menfuration : The Reafon of 
vhicä is, becaufe aRectangle of that Form and Di- 
aenfons will juft cover the outfide of the Body. 


II. For Pyramids and Cones. 


The Surface of a Pyramid, is only an Aggregate 
F Triangles, which therefore muft be found feve- 
ally, and then added up into one Sum. 

Beg 


The Surface of fcalenous Cones cannot be found 
mactly “but for Right Ones multiply the Circum- 
erence of the Bale by half of the Side of the Cone, 
ae Product is the Area ofthe Convex Surface. Be- 
aufe the Curve Surface of a Cane is equal to a Tri. 

F3: angle, 


ri 
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angle, whofe Bafe is the Periphery of the Bafe, and 


its Height the Side of the Cone ; fuch a Figure be- 


ing capable of exactly covering it. 


IL For the Surface of the Sphere. 


Multiply the Diamerer by the Periphery of any. 
great Circle, or by fuch a Circle as hath the Diamee 


ter of the Sphere for its Diameter, the Produ@ is 
the Surface. As appears from what will be prov’d 
below, after Art 34, | 


IV. The Surface of the five Regular Bodies, is eafily 
had, by the Principles of Plain Menfuration. 


15. Two Right Lines if they meet fo as to cut 
ot crofs each other, are in the fame Plane: W here. 


fore all the Angles and Sides of every Triangle are. 


in the fame Plane. 


16. If two Planes e bd and agf cut or interfect. 


one another, they fhall do fo in a 


their common Section. 

17. Ifa Right Line dc be perpene 
dicular totwo Lines df and d g,which 
are in the fame Plane, that Line is al- 
fo perpendicular to that Plane. 

18. If a Right Line dc be perpendicular to three 


Right Lines df, dg andd a, they are all three in the 


fame Plane: 
19. If twoLines dc, bi are perpendicular to the 


fame Plane f £ 4, they will be parallel to one another, — 


20. Iftwo Linesdc, bi are parallel, and youdraw 


another Line, from any Point in one to the other, - 


as b d_ thofe three will be all in the fame Plane. 


21, IF 


Right Line, as bd; which is call'd . 


| 
| 
Î 
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21. If two Lines dc, bi are parallel to a third 
a k, though that third Line be nor in the fame Plane 
with them, yet they fhall be parallel to each other. 
22. Ifa right Line ab be perpendicular to (or make 
any other equal Angles with) two 
Planes f ¢ andc d, thofe Planes are. c 
parallel. £ 
23. If two parallel Planes, d he 
and afe, are cut by a third ÿ ¢ à, 
the common Sections fe and bg 4 
are parallel. 4 
24. If a Solid Angle be made 
by three Plane Angles, any two of 
thofe are always greater than the 
third. 
All thefe Propofitious are [o mani- 
| feft to one that will but confider them 
with a little Attention, that tis 
needlefs to ftay to demonftrate them. 
| (And indeed the Solemn and Regular 
Demonfiration of a thing plain in 
‘ atfelf, always makes it more obfcure. 
25. The Plain Angles, concurring to make a So- 
lid one, taken all together, are always lefs than 
‘four Right ones. For if they fhould make four 
Right Angles, they would forma Plane and not 
‘an Angle. Wherefore, that they may make a Solid 
Angle, they muft be lefs than four Righr ones. 
"Tis a very good way in order to gain a clear Idea of 
| Solids and their Angles, to make the Regular Bodies out 
of thick Paper or Pafteboard, and after the Defcription 
of every Body, you will fee the Figure, which being 
Folded up together, will exprefs the Solid. | 
26. In all Parallelopipeds, the oppofire Planes 
jare equal ; as is eafy to conceive (from 5. 9.) 


F 4 27. All 
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27. All Parallelopipeds having equal Bafes (and | 
Heights) or being between the fame Parallels, are: 
equal, for they are equal Aggregates of equal Pa- | 
rallelograms. (3.14.) - 

28.Every PO paee ee is divided into two cqual 
Triangular Prifms, by a Diagonal Plane, which is 
perpendicular co its Bafe: For every Paral lelogram 
of which the Figure is compofed, is equally bif- 
fected. 

29. Triangular Prifms, having equal Bales (and 
Heights) or being between the fame Parallels, are 
equal, for they are equal Aggregates of equal Tre 
angles. 

30. Pyramids having equal Bafes and Heighrs, 
are alfo equal: For they are all fuppofed to grow 
taper alike, 

31. All Prifms in general, all Cylinders and 
st with equal Bafes and Heights, are equal. 

Pyramids and Cones on equal Bafes, and af 
saat Heights with Prifms and Cylinders, are one 
third of fuch Prifms and Cylinders. 

In a Triangular Prifm and Pyramid of the fame 
Bafe and Aliude, : it isthus provd 

The Quadrangalar 
Pyramid @cefb is di- 
vided into two equal 
Triangular Ones, by 
the Triangular Plane 
fb c,and the Pyramid 
f cab, is the very 
fame with 4 acf;and 
this is equal to the 
Pyramid dfea: As 
having an equal Bafe | 
and the fame Altitude 
with it, and therefore. 
the VRP is divided intothree equalPyramids, 

And 
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ind Gnce all mulrangular Prifms can be divided in 
» Triangular ones, and that Cylinder is only a 
Mulrangular Prifm of infinite Sides, the Propefition 
5 univerfally true ; That Pyramids and Cones, &c. 


N. B. A Piece of Cork or Wocd, in the Form of 
a Triangular Prifm, may be cat into three €. 
qual Pyramids. 


CORRE CARY £. 


ence the way of finding the Solidity of a 
Pyramid or Cone is difcover’d, viz. To mul- 
tiply the Bale by : of the Perpendicular 
Altitude. 


33. Every Sphere is equal to a Cone whofe Per- 
pendicular Axis is the Radius of the Sphere, and its 
Bafe a Plane, equal to all the Convex Surface of ir. 

For you may conceive the Sphere to confift of an 
infinie Number of Cones, whofe Bafes taken all 
cogether compofe the Surface, and whole Vertexes 
meet all together inthe Center of the Sph:re: Juft 
as a Circle may be imagined to be compoled ot an 
infinite Number of Ifofceles Triangles, the Aggre- 
pate of whofe Bafes makes the Circumference, and 
their common Veriex is at the Center. 
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‘Hence the Solidity of the Sphere will be gain’d 
Ly multiplying its Surface by = of tts Real 
dius. ; 


Let the Square ad, the Quadrant ch d, and the: 
Right-angled Triangle abd, be fuppofed all three to! 
revolve round the Line! 

ra. Lb das an Axis: Then 


me Ce will rheSquare generate. 
| . a | a Cylinder, the Qua- 
tse M) drant an Hemifphere, 


and the TriangleaCone, 
all of the fame Bafe and 
Altitude. 


I. Then theSquare of 
NN, eb(which is equal roche 

cl Square of fd, which is: 
_ equal to the Square of 
f 6, together with that of bd (or its equal ph) will 
be equal ro the Square of gh (== h d) together with 
the Squares of fb. And fince Circles are as the 
Squares of their Diameters (which muft be now ta- 
ken for granted, but will be proved in the fixth 
Book) the Circle made by the Revolution of eh, 
muft be equal to the two Circles made by the Mo- 
tion of f band bg. Wherefore, | 


IL. If you take the Circle made by the Revolution _ 
of f h from both, there will remain the Circle made 
by the Motion of 24 equal to the Ring defcrib’d by 
the Motion of ef: And thus it muft always be, . 
wherever you-draw the Line e h, or i m. &c. 


2 II. There. 
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III. Therefore the Aggregate of all the Rings 
nade by the Revolution of the e f’s, muft be equal 
that of all the Circles made by the Motion of the 
- b’s:(z.e,) the Difh-like Solid, formed by the Re- 
rolving Rings, will be equal to the Cone formed by 
the Revolution of the g hs, which are the Elements of 
he Triangle a bd. Thatis, the Dith-like Solid willbe 
as the Cone is = of the circumfcribing Cylinder, and 
onfequently theHemifphere muft be ? of it: Where- 
bore the Sphere is 2 of the circumfcribing Cylinder. 


IV. Let then the Radius of the Sphere be 7 = 
: d — b d, then the Diameter will be 2 7; let the Sur- 
pace of the Sphere generated by the revolving Semi 
circle be called S ; and that of the Cylinder, formed 
oy the Revolution of 2ac—2r— Diameter, be 
called f. Whereforein what was juft now proved, 
[by Art. 33. of this Book) the Expreflion for the 
bolidity of the Sphere in this Netation will be 


-— and puiting cequal to the Circumference of the 


id or for the Periphery of a great Circle of the 
pphere, the Curve Surface of the Cylinder (by mul- 
liplying the Altitude into the Periphery of the Bafe) 


pwill be 27 c; alfo” will be the Area of a great 


+ 2 
Dircle (by Prop. 26. of Book 4.) and this muli:- 
2rrce 


lied by 2 r, makes , Which is the Solidiry 


2 
bf the Cylinder (by Cor. Art. 11.) Now fince 
7 was put equal to 2rc=—10 the Curve Surface 


of the Cylinder (by fubttiruting if lor 2 rc) 
will be alfo — to the Solidity of the Cylinder. 
Now fince the Sphere is = 2 of the Cylinder, a 

: : 2 


A 
a 


76 ELEMENTS 


=? af That is S27", sl Wherefore r S 
2 3 6. 5 

==r fs that is, dividing by r, S—f or the Sur- 

face of the Sphere, is equal ro the Curve Surface of 

the Cylinder: But the Curve Surface of the Cylin- 

der was 2 rc. ) 

Wherefore to find the Area of the Surface of either 
Sphere or Cylinder, you muft multiply the Diameter 
(= 27) by the Circumference of a great Circle of 
the Sphere, or by the Periphery of the Bafe. From 


this Notation alfo > the Area of a great Circle of 


the Sphere, is plainly + of 27rc¢ the Surface of the 
Sphere. That is, the Surface of the Sphere is Qua- 
druple of the Area of a great Circle of it, 


V. Wherefore, to 2 r othe Convex Surface of the 
Cylinder, add r c equal to the Area of both its Bafes 


(each of which is =) you will have 3rc; which 


fhews you that the Surface of the Cylinder (inclu. 
ding its Bafes) being 3rc, is to the Surface of the 
Sphere, which is, 2 rc, as three is to two: Or that: 
the Sphere is + of the circumicribing Cylinder, in "A 
Area, as well as Solidiry. 

34. Of all Solid Figures that can be encompafs’d | 
or determinated by the fame Surface, the greateft is 
a Spherical One, by Arr. 13. of this Book, and Are. 
the laft of Book the ath. | 

35. Tharis call d a Regular Body, whofe Surface : 
is compofed of Regular and Equal Figures. And — 
whole Solid Angles are all equal, as are—— | 


36. The 
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36. The Tetrahedron, which is a Pyramid, com- 
rehended under four equal and | 
quilareral Triangles; fo char 
Bafe is equal to each Side, 
Wherefore its Solidity will be 
und by multiplying the Bafe by 
of the Altitude; which is the 
eneral way for all Pyramids. 
37. The Hexahedron or 

tube, whofe Surface is 
mpos'd of fix equal 


quares, like Dice which | | | 
e usd in play. 
Its Solidity will be found rat | 
y Cor. of Art. 12. 
38. The Ofahedron, which is bounded by eight 
ual and equilateral Tri- | 


agles. A 

This Figure is two Pyra- A 
#ids put together at their 
safes: Wherefore its Soli= 
ety is had by multiplying ~ 
be Quadrangular Bafe of 
Ether (bere they are both 
win’d together in the middle 
“the Figure) by one third of the perpendicular Alti- 
jude of one of the joined Pyramids, and then doubling 
be Product, | 
39. The Dodecahedron, which is contained under 
pvelve equal and equilateral Pentagons. — 


wore 
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This Figure confifts of twelve ! Pyramids, with Pentae 
gonal Bafes, whofe common Vertex is the Center of a\ | 
circumfcribing Sphere: Wherefore any one of thefe 
twelve Pentagonal Bafes multiply’d by of the Diftance | 
between the Center of that Bafe, and the Center of the 
Sphere ; and then that Produtt multiplied by twelve, 
gives the Solid Content of this Regular Body. 
40. The Icofhedron,confifting of twenry equal and 
equilateral Triangles, 
This Figure is compo= 
fed of zoTriangular Py= 
ramids, all equal to one 
another, and whofe Ver= 
tex is the Center of a 
| circumfcribing Sphere: 
Wherefore any one of the 20 Triangular Faces, mul- 
tiplied by = of the Diftance between the Center of thé 
Face and the Center of the Sphere, and that Produ@. 
multiplied again by 20, gives its Solid Content. —__ 
_ At. Befides thefe five "Regular Bodies,’ tis not poffible 
to find any others that (hall correfpond to the Dee. 
finition ; which is thus demonftrated. | 
To begin with equilateral Triangles, which are the 
moft fimple of all Rectilineal Figures. Of thefe there 
muft be three at the leaft ro makea Solid Angle, and. 
three of them join’d togethcr will juft make theTesrad. 
bedron. For thofe three Triangles meeting in a Point 
do form a Triangular Bafe fimilar and equal ro the 
Sides ; as appears by the bare Compofition of the. 
Figure. Four Triangles join’d together in a Point 
make the Angle of the Odabedron. } 
By joining five {uch Triangles together, the Ans! 
gle of the Icofihedron is form'd. | 
But fix fuch Triangles join'd in a Point can’t make 
a Solid Angle: Becaufe they make four Right Ones 
(for every Angle of an equilateral Triangle is 5 of two 
or 
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- + of one Right Angle, either of which Fra&ions mul. 
plied by fix, gives four right Angles.) Whereas every 
lid Angle is made up of fuch plane Angles as all 
ogether muft be lefs than four Right ones (5. 25) 
0 chat with Triangles ‘tis impoñible ro form any 
sore Regular Bodies than thefe three. | 
 Nexr, if you take Squares and join three of them 
gether, they will make the Angle of the Cube: 
ind there can no other Regular Body but a Cube 
made with Squares, for four Squares join’d to- 
ether, will not make a Solid Angle, but a Plane. 
5. 25.) , = 

If you join the Aagles of three Pentagons. roge- 
ner, you will cenftiture the Angle of the Dodeca- 
dron: But four fuch Angles cannot make a Solid 
Jne. | 

And laftly, Three Hexagons joined together do 
take juft four Right Angles, and thereiore they 
annot make a Solid Angle: And as for three Hepe - 
agons, ot other Figures of yet more Sides, they 
an much lets do it ; (becaufe their Augles being very 
ebtufe, three of them will exceed’ four Right Ones.) 
bo that upon the whole ’tis plain, that of thefe five 
pegular Bodies, three are made of Triangles, one of 
1 and one of Pentagons, and there can be no 
‘her. 
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ek Proportion. 


À (ay, that any ee is great, 
we always make a Comparifon 
WENS between that Quantity and fome 
AY Se other of the {ame Nature, in ree 
| fpe& to which we fay that it is 


Great. 

Thus we fay of an Hill that ’tis Little; or ofa 
Diamond, that *tis Large ; becaufe we compare chat 
Hill with others that are Higher, and in refpect of | 
them ‘tis Little; and we compare that Diamond | 
with others that are Little, and in refpeét of them, | 
we fay ‘tis a Large one. 

2. When we confider one Quantity in refpect of | 
another, to fee what Magnitude it hath in a | ) 

on. 
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Ton of that other : The Magnitude fo found, is call’d 
tts Ratio or Reafon ; tho’ it would be more inrelligi- 
ble if it were call’d Comparifon. 

3. That Quantity which is compar’d with another 
‘s cali d the Antecedent; and that other with which 
ft is compar’d, is call'd the Confequenr. | 
4. When we confider four Quantities, and com- 
sare them (by Pairs) two with two; as a 4 with 
2, andc6 withd 3. If we find chat 4 hath as 
much Magnitude (or is as big) in 
omparifon of 6, as c hath in compa- 6 


ïfon of d ; (i.e. When we find that a - 3 
k contained in, or doti contain b : : as tt 5 
¥ten as c is contained in, or doth con- are : ë 
ain d): Then we fay, that their Ra- 
do's are equal ; that is, the Ratio that 4 hath to 4, 
sequal tothe Ratio of ctod: For as 4 is twice as 
ig asd; foc is twice as big as d. 

5. Bur if a 4 hath more Magnitude in refpect of 
, than c 6 hath in refpect of e §. Thatis, ifasa4 

twice as big as 62, c6 be found not to be twice as 
ig ases: Then the Ratio’s are unequal: And we 
ty, a hatha greater Ratio to 6, thanc hath to e. 
wo that to have a greater Ratio, is nothing but ro 
ave more Magnitude, or to be bigger; in refpect of 
fecond Term, than a third is in refpect of a fourth, 

6. The Equality of Ratio’s is cailed Proportion ; 
ad when we find that of four Quantities or Num 
ers, the firft hath as much Magnizude (or is as big) 
_ re{pect of the fecond ; as the third is in refpect of 
ce fourth ; then we fay, that thofe four Quantities 
‘e Proportionals | 

The better to make the Myfteries of Proportion coms 
\ehended, which pafs for the moft à fficult things inGes 
metry, as unqueftionably they are moft important, I 
tMexplaintnem by an Example ; which (in my Opi- 


A G nion) 
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nion) will render all thofe things very intelligible, which 
otherwife appear very perplex'd. . | 
Let us imagine the Circle b A d to be defcrib'd | 

by the Motion of the Line o b, round the Center 0: | 
And at the fame time, let the Cir- — 
cle c ae be defcribed by the Mori 
on of a Point c, in the Line ob: 
Let us fuppofe alfo that the Line 
o b be moved once round again, and 
at laft co ftand in the Pofition od. 
Letthe Ark d Bb be called B, and 
| the ArkeDc, be called D. Let A 

be put for the whole outer Circle, and @ for the 
whole inner one. | 

Now if we compare the whole Circle A with its. 
Ark B, and the whole other Circle 4 with its Ark D. 
We fhall find plainly, that the Circle A is juft as big 
in refpeét of the Ark B, as the inner one a is in re- 
{pect of the Ark D ; and therefore if B be a fourth, 
or any other Part of the Circle A, D allo will be a 
fourth, or the fame proportional Part of its Circle a. 
Which we ufually exprefs by faying, as A is to B, 
fo isatoD. And write it thus, A:B::4:D, of 
2496427 8:52. 3 

8. If you fhould change the Order of the Terms, 
and compare B with A, and D with +; you will find. 
plainly that B: A:: Ds 4. So that {uppofing A: B:s 
a; D, we cannot but prefently conclude by inverfe 
Proportion, that B: Az: Dea. 

9. If you change them fo as to compare Antecee 
dent with Antecedent, and Confequent with Con- 
fequent, you will find Alternately, that Aza:: Bs 
D. And this is very plain; for if the whole Circle 
A be double, triple of, or in any other Proportion, 
to the Circle 2, the Ark B muft be alfo double, trie 
ple of, or in che fame Proportion to the Ark D ; for 
Aliquot Parts will be as their Wholes. Thi is 

plain, 
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plain, becaufe the two Circles A and 2 are defcrib'd 
y the Motion of the Line o cb ; fo that while 4 de- 
fcribes the Circle A, c defcribes the inner Circle 4 ; 

nd while 2 defcribes the Atk B; calfo defcribes the 
Ark D. And this by one common circular Motion ; 
nly the Point ¢ moving much flower than the Point 
6, defcribes a Circle much lefs, in proportion to the 
ownefs of its Motion: Thus alfo when the Point 4 
hall have defcribed the Ark B, the Point ¢ in like 
anner will have defcrib’d the Ark D, which will be 
ach lefs than B; in Proportion to the flownefs of 
ts Motion ; in Numbers 24: 8:3: 6: 2. 

10, If we compare the Differences between the 
Antecedents and Confequents, with 
heir Confequents ; as for Inftance, 
À lefs B with B, and a lefs D with 
, we fhall find they alfo are pro- 
ortional: And that A lefs B: B:: 
s lefs D: D:18:6::6: 32. 

For “tis manifeft that the Ark 
‘Ad (which is A lefs B) is to B 
ss the Ark ¢ ae (which is a lefs D) is to D. And this 
5 call’d Proportion by Divifion. 

11. If we add the Anrecedents and Confequents 
bgerher ; we fhall find that A morte B, is to B : : as 
‘more D is to D. Which is call’d Compofition. In 
Numbers 30:6:: 1032. 

12. And if we would fay, that A A lefs B:: 2:42 
tfs D. This kind of Proportion s call’d Conver/fion. 
‘ou may al(o infer by way of mixing the Terms, as 
ome callit, That A+-B:A—B::42-+-D:2—D, 
w chat A+-Ba2+-D::A—B:a—D, &c That 
/ 30:18 3:10:6 and 30:10 ::18:6, &e. 

And it will be very convenient for the Learner to » 
nure himfelf ro all the Changes and Varieties of 
roportion, and to have them ready in his Mind; 
vecaule a great many Propofitions in Geometry, as 

ie G 2 they 
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they have been delivered by the Ancients, and pute | 
{ued by the Moderns that have trod in their Steps, _ 
are demonftrated by Compofition, Divifion, Alter- 
nation, and intermixing of Proportion. | 
13. If never fo many Quantities are thus propor- 
tional: Ir will be as any one Antecedent to its Con« 
fequent:: So is the Sum of all the Antecedents to 


the Sum of all the Confequents. v. gr. 


Ar: 2:6,::3:9::5215: chenfhall 
14: 42 :: 4 © 12: 


14. Lae ord: ; 
4:12::3 :9, and allo, 


CRC DEA TS 
12:36 :: 9:27: 


Then will it be by Proportion of Equality. 


PUR CN LE Be 
A? 36 50 30 27e 


The Reafon of whichis plain, if you confider, 
That fince b: f::d:g:f and g muft needs be either 
fimilar aliquot Parts, ot Equimultiples of b and d, 
And therefore fince 4 and c are to b and d, in the. 
fame Ratio as b and d are to f and g, 2 muft alfo be 
in the fame Ratio to f, the Part or Multiple of b:2 
as cistog, the Part or Multiple of d. 


Ifa: be:c3d. 
24 :4::9+: 3, and-then, : 


Becifice? wh Lio 
4251185: 9 
\ Then 
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Then willa:f:: hd. 
LOS Ee gee à 


Which is called Proportio ex æquo perturbata; and 
this muft be true: Becaufe 12 containing 4 as oft as 
9 contains 3, and 4 containing 2, as oft as 18 con- 
sains 9; 12 muft contain 2 as often as 18 contains 
8 Wherefore this is only the orderly Proportion of 
quality difturbed, and therefore is by fome called 
nordinate Proportion. 

15. If B be taken as often as D, ex. gr. 3 Band 
» D, we may conclude that B : D:: 3 B: 3 D, or as 
o BtoroD, alfo 123 B, to 1221 D. And fo on 
whatever Proportion the two Magnitudes B and 
are multiplied, fo they are multiplied equally, or 
at you take one as often as you take the other. For 
en there will be the fame Proportion between the 
agnitudes thus equally multiplied, as there was 
vetween the fimple Magnitudes, before fuch Mulri- 
lication. And thefe Magnitudes, thus equally mul- 
{plied, are call’d Equimuleiples of the fimple Mag- 
jitudes Band D; and we fay that Equimultiples 
re in the {ame Proportion as {uch fimple Magaitudes, 
ut of which they are compounded. 
16. If B be divided in the fame Manner as D is 5 
nd ex, gr. you take a fourth Part of B, and the like 
ÉD, or the tenth, or any other Part of B, and the 
ame of D. Then will thefe Parrs be proportional to 
seir Wholes, B;D:; 4 B (or? B) is to % Of +5 D 
LH which is felf- evident. 
17. To multiply one Line by another is to make a 
wectangled Parallelogram, whofe two 
pntiguous Sides fhall be the two eB 
\ines given. Thus, if you multiply the a 
line A by B, ’tis the fame chiggasto . As; 
aake the Rectangle abcd; whofe Be 
«de ab is equal to A, and acto b, 


G 3 18. To 
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18. To multiply a Rectangle, or any other Surface 
by a Right Line, is to make a Rect- 
4 angled Parallelopiped (or Prifm) 

(5. 9.) whofe Bafe thall be the Sur- 
¢ face given, and its perpendicular 

Height the Line given. 

Thus ro multiply the Surface a b 
; dc by the Line E, is the fame thing 
as to make a Solid ab fghe, whofe Bafe is the 
Surface given ad, and its Height ae or Of, equal 
to E, the Line given. 

19. All Magnitudes may be exprefs'd by Lines : 
As if one Magnitude be double or triple of another ; 
or in any other Ratio, wo Lines may eafily be taken, 
of which one fhall be double or triple of the other, 
or in any other like Proportion with thofe Magni- 
-gudes: So fer Inftance, to exprefs two times, as one 

Hour and two Hours; or two Velocities, of which 
one fhall be double to the otber ; you need only take 
two Lines, as 2 double of b; and then you may fay 
that 4 reprelents two Hours or Velocities, and b ane 
{wers to one of each; and then you may proceed to 
compute with thofe two Lines, as with the Hours 
and Velocities themfelves, &c. 

20. To know the Proportion of Rectangles, the 
Rario of the Length of one, to the Length of the 
other, and moreover the Ratio of the Breadth of 
one, to the Breadth of the other muft be known. 

For Example ; To know what Proportion the 

gy Does c hathhtoeg: “Tis not 

: ? enough only to know that the Length 
ms abis triple of eh; but ic muft oa 
d :_}h knownalfo, that ad is double of ef. 
AE For if ai be taken equal to ef, the 
Rectangle 4: will be triple of eg, be- 

caufe ab istriple of eb, and ai equal to ef. And 
moreover, becaufe 7 is alfo equal to 45, ore f | 
| aa 
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a d is fuppofed to be double of 27, and of ef ) the 
Rectangle zc fhall alfo be triple of eg; fo that the 
‘whole Rectangle a c is twice triple of the Rectangle 

eg; thatis, fextuple of ir, or containing it fix rimes. 
And whar we fay now only of the double or triple 
| Ratio of their Breadths and Lengths, is alfo to be 

underftood of any cther Ratio, be it what it wills 
For if 4 6 be quadruple of e b, and 4 d triple of e f, 
ithe Rectangle ac, will be three times quadruple of 
ithe Rectangle eg ; that is duodecuple of it, or doth 
(contain it twelve times. 

But if 2b be duodecuple of eb, and at the fame 
‘time ef be triple of 2 d, then there is a certain Com- 
penfation made: For if Refpect were nad to their 
.Breadths 2b and ¢ 4 only, the Rectangle a c would 
‘exceed the other, nay indeed con- 
|tain it 12 times: Nevercheleis this @ 12 b 
Excefs is loft (in fome Meafure) in At 4 
irefpect of their Altitudes or Heights 4 cAb © 
(4d and ef, which if only confi- 

(der d, the Rectangle e g would be à 
itriple of ac. But then when we FE 
come to compare thefe feveral Ex- 

(ceffes and Deficiencies together ; we fhall find that 
ithe Rectangle ac being one way 12 times greater, 
‘and the other way three times lefs than eg, will be 
‘at laft but only four times as great. 

21. And this is what we mean, when we fay, that 
all Rectangles are to each other in aRatio compounded 
‘of that of their Sides ; for if 2b be 
(triple of eb, and 2d double of ef, a 
ithe Rectangle ac, fhall be tothe il. 
| Rectangle eg in a Ratio compoun- d 
‘ded of the triple and the double, REA 
{thac is, it fhall be twice double, or FE 
(twice triple, or in one Word fex- | 
ituple. ” So alfo if 44 were quadruple of eb, and 4 d 

a G4 triple 
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triple of ef; the Rectangle ac would then be toeg 
in a Ratio compounded of the quadruple and the 
triple; fa that it would have been three times quar | 
druple, or four times triple, or in one Word duo- 
decuple of eg. | 

Moreover, if 2b were duodecuple of eh, and 
ad fubrriple of e 4, (that is, it ef be triple of ad) 
the Ratio of the Rectangle a e to eg would be come 
pounded of the duodecuple and fubtriple Razio ; fo 
that ac would have been 12 times {ubtripie of, or. 
in one Word quadruple of e g. 

If you take the third Part of a Crown 12 times, it 
will make, or be equal to four whole Crowns: So that 
four Crowns are 12 times fubtriple of one Crown ; that 
4s, do make 12 Thirds of a Crown. 

22. From whence it will appear, that if the Sides 
of two Rectangles are reciprocally proportional, 
thofe two Rectangles are equal : For if a 4 be dou- 

ble to eh, and reciprocally bg be dou- 

Rsk ble toch; Orif ab be triple of e 5, and 
dk then hg be triple of bc; or ina Word, 
if whatever Ratio ab hath toeh, hg, 
hath back again the fame Ratio to bc, 
fs tis plain, that as much as the firft Rect- 
angle ac exceeds the other in Length, 

juft fo much is it exceeded by the other in Breadth; 
fo that the Length of one compenfates for the 
Breadth of the other, and confequently they muft 
be equal. And from hence is deduced this moft 

ufeful and important Propofition; Thar, 


* oS If 
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23. If four Quantities (or Numbers) be propor- 
ional, the Product arifing from the Multiplication 
f the two middle Terms, is al- 
yvays equal to that which is made 


Ê 

e . ° ï : : 

y the Multiplication of the two ac LE 
CP 


ixtreams. Asifab:eh::bg: 


4 
I fay, from the Multiplication 
if the Extreams 26 by bc there f is 
s produced the Rectangle ac: 
ind by multiplying the middle Terms e h and bg, 
ere is produced the Rectangle eg ; and thofe two 
Rectangles 4 c and eg are equal. (6. 22.) Becaufe, 
+s much longer as a bis than eh, juft fo much longer 
shg than bc). On which is founded the Reaton 
pf the Golden Rule. 


COROER LARRY 


Hence, if in two Ranks of Difcrete Proportionals, 
the four middle Terms are the fame: Asifa:bz:: 
»:d, andthen alfo e:b::c:f. I fay it will be as 
tse 2: So will reciprocally f, be to d: For fince 
the middle Terms are the fame in both, the Rect- 
angle ad will be equalto ef, and confequently 
their Sides muft be reciprocally proportional ; that 
isaressf: 4. 

Whar is thus done by Lines and Rectangles, may 
be done by any Quantity wharfoever ; becaufe all 
(Quantities can be exprefs’d by Lines, and all Mul- 
tiplications of Magnitudes by Multiplications of 
Lines, z. e. by Rectangles. (6.24) _ 

24. When Rectangles have their Sides directly 
proportional, fo thata b:eh:: ad: ef, then is the 
Rectangle a c to the Rectangle e g, in a Duplicate 
(Ratio, to that of their Sides: For the Ratzo of ac to 
; | E£s 


Ed 


+ ss 
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eg, is compounded of the Ratio of 4 bto e b, and of 
the Ratio of adtoef (6. 26.). Bu 
the Ratio of ab to e his in this Cafe 
(by the Suppofition) the fame as the 
Ratio of adtoef; fo that to gain 
the Ratio which the Rectangle a 
hath to e g, we need only take éwice 
2H the st abtoeh, For Exame 

F | cf ple, if as here 4 b be double to eh, 
and ad double toe f, the Rectangle ac fhall be 
_ twice double, that is, quadruple of the Rectangle 
eg. And if 2b had been triple of e 6, and confequent- 
ly ad triple of ef: Then the Rectangle 2c would 
have been three times triple, that is nine times as 
big aseg; Or if a6 had been quadruple of e b, ae 
would have been 16 times as great as e g. 

25- Ifa third Line be taken as m0; and it be fo 

proportional that abseh::eh:no. Then 
#|. fo fhall the two Rectangles ac and eg be to 

one another, as the two Lines 2) and no: 
(vid. Fig. Preced.) 

For 4 b is to #9 in a duplicate Ratio of abto eb, 

And if a6 had been (as it is double, ) triple or qua- 
druple of eh: Then would 2b have been ina Rae 
tio three times triple ; or four times quadruple of 
(that is nine or 16 times as great as) the third Pro. 
portional no. 
_ 26. Thofe Rectangles which have their Sides thus 
proportional: Thatab:eh::ad:ef, are called 
Similar, whole Homologous Sides are thofe which an- 
{wer each to other in the Proportion, as 4 b and eh, 
oradandef: For as ab is the greateft Side of the 
Rectangle ac, fo eb is alfo the greateft Side of the 
Rectangle e g. | | 


27. All 
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27. All Squares are fimilar Rectangles. For ‘iis 
lain thar if 2 b be double or triple of eb, 2m muft 
Ifo be double or triple of 47: 


ecaufe am isequaltoad,and gq eed 
\2t0eh. ’ ‘LPH 2 
28. All fimilar Rectangles || au El ge 


ire to each other as the Squares 
if their Homologous Sides. To mo” 
y the Rectangle ac is to the 
Rectangle e g :: as the Square bm to the Square «3. 
for as well Squares as Rectangles are to one another 
a duplicate Ratio of abto eh (6.29. 30.) 
29. To know the Ratio between two folid Re&- 
ingles or Parallelopipeds, there ought to be known the 
everal Ratio’s that their Bafes and Heights have to 
rach other ; becaufe the Ratio of one Solid to ano- 
her is compounded of the Ratio’s of their Lengths 
ind Breadths and Thickneffes or Heights ; as is ea- 
je to conceive, if that be wellunderftood which hath 
een {aid about the Proportions of Rectangles. For 
ff one Parallelopiped hath its Bafe double to the Bafe 
of another, and its Height, triple of the Height of 
the other; The former will be twice triple, or three 
times double, or in one Word fextuple of the latter. 
30. If the Bafes of two Parallelopipeds be Recipro- 
cally as their Heights, thofe Parallelopipeds are equal > 
(Which is proved by the 27th of this Book ; for as 
much as one exceeds the other in Breadth and 
Length, fo much doth the other exceed it in Height. 
31. When Parallelopipeds have all their Sides pro- 
portional, they are called Similar, and they are in 
ga Triplicate Ratio of their Sides, as it hath been 
nproved of Rectangles, that they are in a Duplicate 
Ratio of their Sides. | 
32. Similar Parallelopipeds are to one another as 
rthe Cubes of their Homologous Sides; for both 
(Cubes and Parallelopipeds are in a Triplicate Ratio 
«of tHeir Homologous Sides. 34. All 
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34. All Rectangles, having the fame or equal 
Heights, are to one another as their Bafes, and ha. 
ving the fame Bafes their Heights are equal. 

Let the Rectangles A and B be between the fame 
parallel Lines dfandca; fo that adbe equalto cf: 

then do I fay, that A:B::ab: be. 
¢_e___q Thar the Rectangle A is to the Rect. 
ÿ [B] A | angle B, as the Bafe a b to the Bale be: 
cb 4 And that if, for Inftance, ab be double 
to bc, then fhall A be double to B. For 

A is nothing but the Line é 4 multiply’d by da. (6. 
17.); and B is nothing but the Line cb multiply’d 
by the fame Line ad, or (whichis all one) be or fe. 

Wherefore (6. 15.) A: B:: ab: bc. 

35. All Parallelograms which are between the fame 

Parallels (or which bave the fame Height) are as their 
Bafes. J fay the Parallelogram eb is 

ed SF J tothe Parallelogram bg :: as the 
ne Laye Bafe 4 b is to the Bale bc. For ha- 

040) ving made the two prick'd Re@- 
ob € angles on the fame Bafes, thofe 

will be equal to the Parallelograms, 
(by 3. 14.) But thofe Rectangles are as their Bafes 
_ (by the Precedent). Wherefore the Parallelograms 
mt alfo be as their Bafes; That ised: bgs: abs 

C. 

36. All Triangles (which have the fame Heights) 
or are between the fame Parallels, as are their Ba- 
fes; For they are Halves of Parallelograms (3. 8.) _ 

37. When Triangles (as thofe in the following 
Figure) have their Bafes on one and the fame Line, — 
and their Verrices or Tops meeting in the famePoint: _ 
They are taken ro be between the fame Parallels, as 
ade and cde, and a de and bde (becaufe they bave. 
the fame perpendicular Height. ) ead 


PRO- | 
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PROBLEM I. 


Hence may a Trapezium as abce, whofe two 
lides 4 6 and ec are 
arallel, be divided 
to any given Ratio. 
For take cd ab 
nd draw ad, then 
ill. the Triangles 
‘bf andfcd be e-. ae 
qual (by 14.2.) and & aes ee C A 
nfequently the Tri- 

ngle ead == Trapez.eabc. Wherefore if you di- 
ride e d the Bafe of the Triangle e ad into any Num- 
ger of Parts, or according to any Ratio, Lines, 
Irawn from the Vertex to fuch Divifions of the 
afe, will divide the Triangle ead, and confee 
quently che Trapezium, in the {ame Ratio. 

38. If in any Triangle a Line be drawn parallel 
po the Bafe, that Line 1hall cut the Legs proportic- 
wally. Let che Triangle be abe, 
und let the Line de be parallel toc. € 

I fay that ad: a¢:: 2b fae à 
bec, &c. Drawthe Lines dc 
and e 6, then thall the Triangle 
-cdbetoead, asthe Bafeec is 
co ae. (6. 40. 46.) So alfo the Tri- 
ingle deb is to ead:: as the Bale | 
ib is to da. But the Triangle ec dis equal to deb 
"3. 15.); wherefore the Triangle bde (or ced) is 
co the Triangle e ad:: asbd isto da:: or as ce to 
ra. Therefore alfo muft bd: daz:ce:ea, be- 
saute both che Ratio of bd: da, and alfo that of 
»c:ea, are the very fame with that of the Tri- 
angle be dor ced, tothe Triangle ade. 
COROL- 


——\e 
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COMGLLA RY. 


If many Lines are drawn 
patallel co the Bafe of any Tris 
angle, the Segments of the Sides 
4,6 ¢, and d,e,f, will be pro= 
portional, for drawing ox pa- 
rallel to abc: b==0 and a= x, 
butx:0::f:e: Wherefore a:b 
OR RER OS CE A 

39. fin a Triangle, asacb, you 

a draw a Line de parallel to the Bale 

cb, [fay, thated:ch::4ae:ac:3 

__ orasa d:486. For drawing e f Paral- 

e 4 leltoab; fb will be equal toe d. 
à n (3. 9.) But by the Precedent f b:c & 

Fo ::ae¢:ac, Wherefore ed: (f 6) 

eb::ae:ac, orasadtoab, 


ll 
we 
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PROBLEM I. 


‘wo Lines a and b being given, to find c, & 
third Proportional to them. 


Make any Rectilineal Angle, and from the Vertex 
- Top of it, fet the two given Lines down on the 
gs, as you fee in the Figure. Set alfo 6 downward 


om Sto L, joinS T, and draw N L parallel to 
5 fo thall T N be c, the Line fought; For 4:6 
:b3c, by this Propofition, 


PRO- 
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PROB. IL 


if trie Si as a,b, andc, bad been given, 
to-find a fourth Preportional (as d) to 
them, or to work thé Rule of Three iv 
Lines, you muft proceed thus. 


Set the two. firft Lines a and b from the Vertex 
down on the fame Leg ; and then (et c the third 
Line, from the Vertex on the other Leg: Draw the 


Line TS, and thro’ the Point L draw LN parallel 
toit; So fhall TN be equal to d, the fourth Pros 
portional fought; fora: b::c3:4, by the preces 
dent Propofitions. ke | 
P R Os 
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PROBLEM I 


And this way "tis very eafy to find a Line 
that foall exprefs the Product of any two 
Numbers or Quantities: Or the Quotient 
- of one divided by the other. 


For fince in all Multiplication, as 1.is to the 
ultiplicator : : So is the Multiplicand to the Pro- 
fut: And fince in Divifion, as the Divifor is to 
5: So is the Dividend to the Quotient: You may 

ke your 1. of any Length off a Scale, and finding 
. fourth Proportional to the three firft Terms, that 
all be a Produf, or a Quotient required: Thus 
F b were to be multiplied by c, make a equal to 
Jnity, and fet offh and c as before thew’d, fo fhall 
Ibe the Produé. Or if d were to be divided by b; 


dll ¢ be the Quotient; for bia ::d:c 


ke @==1, and fet off all things as before; fo 


CL 
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To divide a given Line a b into any Number 


Se ee pp Ww A Yr 


of equal Parts : As fuppofe into Six. 


Make at a and b any two equal Angles, and on 


the Legs da and cb run 
with a Pair of Compaffes 
five equal Divifions (for they 
muft be always one lefs in 
Number than the required 
Divifion or Parts of the Line 
given) drawing alfo Lines 
acrofs from one Point to the 
other, as you fee in the Fi- 
gure; fo fhall thofe Lines 
divide the given Line 46 
into the fix Parts required: 
For the croffing Lines being 
parallel one to another, 


muft divide 48 inthe fame Proportionas 4d and 6 ¢ 


are divided. 


PRO- 


Book VI. of GEO METRY. | 99 


PROBLEM V. 
‘Zo divide a given Line ab into two Parts, 
Line C to D; or in any given Ratio. 


Make any Angle wich the given Line a 4, and fet 
the Line c from its Vertex a tof. And fet the Line 
from ftog ; draw the 
Line ¢ 4, and thro’ f, a 
arallelto it, asf d: So 
all the Point d divide 
6 in the Ratio required: 
or C::D sad: db. 
And much the fame 
ay May you cut of from 
any given Line ad any 

art or Parts required ;- 
as fuppofe <. 

Make any Angleass ab Ps 
as before, and fet on the | 
Leg ap, ag equal to five Parts taken off from any 
te : Then fet two fuch Parts from ato f, join 
rb, and draw f d parallel to it ; fo fhall 4 d be equal 
to % of a b, | 


d H 2 38, Thefe 


fo.that they fhall be to each other as the : 
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33. Thofe Triangles are called 

À y Like ot Similar, which have all their 

three Angles refpectively equal to one 

/| another, or which are Equiangular: 

c £ b y. gr. If the Angle A be equal to 4, 

. AB the Angle B to 6, and C toc, then the 

ge ~  whcle Triangle A BC is Like or Sie 
milar to the Triangle a be. 

39. All fimilar Triangles have their Sides about 
the equal Angles proportional. I fay, AB: ab:3 
AC:ac:: BC: bc, &c.  Fortake in the greater 
Triangle ABC, A64 equal toad, and Ac equal 
to 4c; then willthe Triangle A bc be every way 
equal toabc (2. 11.) and the Angle A dc is equal 
tothe Angle a bc; wherefore it will be allo to B, 
which by the Suppofition was equal to abc, and 
therefore c b is parallel to C B (1. 31.) and confe- 
quently (by 6. 42, 43) AG: AB::Ac: AC: 


CVs . 


COROLLARY: FE 


If a Quadrilateral Figure, as 2b c d,be infcribed 
in a Circle, the Rect- 
angle under the Diagco- 
nals b dand ac, is equal 
to both the Rectangles. 
under the oppofiteSides: 

That is, acxbd= 
baxcd+adxbe, 
make the Anglebae— 
cad; and then adding. 
the Angle e af to both, 
the Angle baf — ead: 
And the À aad fimilar 
to Abaf: Thenwillac:cd ::ha:be. (by this 
Prop.) Wherefore acxbe=cdxba Againal- 


\ { 


/ 
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Mo ad : de::ac:cb. Whereforead xcb—dex 


ce. Butacxbe -+acxed=acxbd, Where- | 
oreac xbd=baxdctdaxbhe, QED, 


COR OCT. 


The Segments of Lines interfecting each other bee 
rween two Parallels, are “ 
roportional : 
Hhatisscs dites. for a 
Gmilar Triangles c: e oe 
af at ae alter- to -d , 
nately c:d::e:f. Where- loans wa 
face cf = de | 
40. All fimilar Triangles are in a Duplicate Ratio 
of, or as the Squares of their Homologous Sides ; 
or fimilar Triangles are the Halves of fimilar Paral- 
lograms, wherefore they muft be as their Wholes. 
41. Similar Polygons are thofe which having an 
equal Number of Sides, hive all 
the feveral Angles in one, equal 


so thofe in the other, and alfo x b 

the Sides about thofe equal Ar- Be 

les proportional. As ii the E | € 

Angle A be equal to 4, Btob; Sia 
D 


ind moreover AB; 44:: BC : 
e::CD:cd; then thofetwo 
Polygons ate fimilar. 


H 3 41. And 
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42. Andamong curvilineal or mixt Figures, thofe 
are fimilar in which you may infcribe,or about which 
you may circumfcribe fimilar Poly - 
gons ; fo thar any Polygon being 
infcribed or circumfcribed about 
one Figure, “you may infcribe or 
d circumfcribe a fimilar one about 
the other. For inftance, if having 
in{cribed any Polygon,asA BC DE, 
in the greater curvilinea/l Figure you 
can infcribe another in all refpects fimilar to it im 
the leffer Curvilineal Figure 2b c de, then thofe 
two curvileneal Figures are fimilar.. 
Ni Tike manner having taken rwo mixt Figures, as 
th 


two Segments of Circles BAC and bac; and: 
having infcribed in one any 

A 3 ‘Triangle at pleafure, as 

a BAC; if then you can in- 

BZ Svc BÆSC  fcribe in the tt Segment 
‘5 ©? A à :  anôther Triangle b ac, that® 
À RAR PR fall be fimilar to the for- 
eae mer; then fhall chofe two’ 
| Segmentsbe fimilar Figures. 
And if the Circles of which they are Segments bé! 
compleated, they fhall be fimilar Parts of thofe two 
Circles ; fo that if BAC be a third Parc of its Circle, 
bac thallalfo be a chird Part of irs Circle: And if to’ 
the Centers you draw the Lines B D and C D, and 
alfo bd and cd; the Angles D and d thall be equal. 

(See 4. 14. and the following Propofitions.) 


COROLLARY. 


The Peripheries of Circles are as their Diameters: 
Foras BA: 64:: BD:6d::2 BD:206d ::{o it will 
be of every fide of the infcribed or circum{cribed Po- 
lygon; wherefore the Sum of them all, that is thePe- 

ripheries, muft be in the fame Ratio, 434 All à 


iD 
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43. All Circles are fimilar Figures. 

44. All fimilar Polygons may be divided into an 

requal Number of fimilar Tri- 
angles Ler the fimilar Polygons 
be ABCDE and abcde; 
and let the firft be divided ine 
co Triangles by the Lines E B 
and EC (3. 14.) I fay chat if, 
rhe other be alfo divided into 
(Triangles by the Lines ed and 
ec, allthe Triangles in one fhall be (re/pe&ively) 
fimilar to thofe in the other. 
For inftance, I fay the Triangle abe is Gmilar to 
WA BE: for the Angle a is equal to A, (by the Sup- 
pofition) andalfo A B:2b:: AE:ae (by the fame;) 
wherefore the Triangle ABE is Gimilar to ab ee 
“6. 46.) Again, the Angle EBC may be proved 
equal ro e bc; becaule the Angle A B C is (by the 
Suppofirion) equal to abc, and it was proved (in 
the laft Step, where the Triangle A BE was proved fi- 
milar to a be) that the Angle 4 be is equalto A BE; 
wherefore from equal things taking away equal, the 
Angle E B Cremains equal tothe Angle ec. In 
like manner the Angle ecb is prov'd equal to 
HE C B, and confequently (6. 45.) the whole Trian- 
ple ebc willbe fimilarto EBC; and fo of the reft. 
Hence the Practice of making ona Line given a 
Polygon fimilar to one afligned is derived, For di- 
viding the given Polygon into Triangles, make a Fi- 
ure, confiiting of a like Number of fimilar Trian- 
les, onthe given Line, 

45. All fimilar Polygons are to one another in a 
Duplicate Ratio of, or as the Squares of their Ho- 
imologous Sides. I fay, as the Square of A B: Is ro. 
the Square of 4 6 :: So is the whole Polygon 
‘AB CDE: Tothe Polygon abcde. For fince all 
ithe Triangles in one Polygon are fimilar to thofe 


3 H 4 in 
Th 
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in the other (6. 51.) Allin one Polygon will be to 
all thofe in the other in a duplicate Ratio of any of 
their Homologous Sides; that is, as the Square of 

A B is tothe Square of a b. 

46. All fimilar Figures, even Curvilineal ones are 
, to one another as the Squares 
of any Side of any fimilar 


LS a Figures, which can be in- 
Be = € BASS fcribed or circumfcribed a- 


D À À boutthem,v. gr. Let there 
£ ; be two Circles, in which are 
bate 4 - infcribed two fimilar Tri- 

. | angles abcand ABC: I 
fay, the whole Circle A B C, is tothe Circle abe:: 
So is the Square of B C,ro the Square of c,or,which 
is the fame thing, as the Square of the Radius B D 
to the Square of the Radius 6d. For in or about 
the Circle 4 6 c may be infcribed or circumfcribed 
any Polygon you pleafe (or atleaft fuch an one may 
be imagined ) (4. 30.) But every Polygon infcribed 
in 4 b cwill havea lefs Ratio to the Circle A BC, 
than the Square of 2 c bath to the Square of BC: 
and every one circumfcribed about 4 be will have 
a greater Ratio to the Circle A BC, asis eafy to 


_. prove by the Precedent, and from what hath been 


faid of Circles inthe fourth Book, Wherefore all 
fimilar Figures, @c. 


COR OD ARE TL 


I, Circles are ro each other as the Squares of their 
Radi ot Diameters: for fuppofe a Circle whofe Ra-_ 
dius is >, and then another Circle greater, or lefs 
than that; and callits Radius R, then will its Dia- 
meter be 2 R: then whatever the Ratio of the Dia- 
meter (2 R) be to the Periphery, let it beexpreffed 


by 
À 
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vy the Letter e, then will 2 Re (ore rimes the Dia- 
eter) be the Periphery ; and half of this, wz. Re, 
multiplied by R will be the Area, v7z7. R Re. And 
py the fare Method of reafoning, the Area of the 
ether Circle will ber re. But certainly RRe: 
re::RR:irr::4RR:4 rr. Wherefore, &c. 


Il. Hence ‘ris plain, that the Square of the Dia- 
eter of any Circle is to the Area of it, as the Dias 
eter is to + Part of the Periphery. 


For4RR:. RRe?: 2R: LR (soe ke) 


As is plain by multiplying the Extreams and mean 
erms by one another. * 


Til. Hence alfo ‘tis plain (again) that the Peri- 
dheries of Circles are as their Diameters. 


Thatis,:2R: ar:22 Reeezr e. 


IV. And fince the Area of every Circle is rr e, 
that is, the Product of the Square of the Radius 
multiplied into the Name of the Ratio, between irs 
Diaimeter and Periphery.) A very ready way (for 
common ufe) to find the Area of a Circle whofe Ra- 
ius is given, will be to multiply the Square of the 
Radius into this or fuch like Decimal 3.1. Thus 
tuppofe the Radius 9 Inches: 81 X 3. 1 — 251.1. 
pwhich is very nearly the Area in fquare Inches, 
tho’ fomething lefs. | | 

47. Allthis may be apply’d to Solids. And there- 
fore fimilar Solids are fuch, as have their Angles all 
equal, and the Sides about thofe Angles Proportio- 
nal ; or (if they are of a fpherical or of any fpheroidical 


Figure) fuch, as can have fimilar Solids infcrib’d or 


circumfcrib’d in or about them, €c, 


| 48. Simi- 
f 


ee 


ot LH ae Sol 4 


# 4 aN 
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48. Similar Solids areto one another in a (Tripli= 
cate Ratio of, or) as the Cubes (of their Homologous 
Sides, &c.) See 6. 36, 37, Ge. 

(And therefore all Spheres muft be to one another as 
the Cubes of their Diameters, &c.) Which may be ea. 
fily thus proved; the Solidity of the Sphere may be 
expreffed after this manner ; by what is faid, in the 
Corallaries in p. 75, 76. 

The Area of a great Circle of the Sphere, whofe 
Radius is R or rv, being R Re orrre (by Cor.1. 


Art, 53.) 4 times chat will be the Surface of each 


Sphere ; that is, 4 R Re the Surface of the greater 
and 4 7 rethe Surface of the leffer 5. and multi-. 
plying the Surface by x of the Radius, the Soli-. 


als RRe anon are Whichtwo 


dities will be 


3 3 
~ Quantities being multiplied and divided by the. 


fame, will be in the fame Ratio, when without fuch 


4RRRe 


Multiplication and Divifion: That is 


arr" *::RRR:rrr. That is, Spheres are as 


3 io 
the Cubes of their Radii, and confequently, as the 
Cubes of their Diameters. Q.E.D. 


PRO. 
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t 
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PROBE TM. 


To find the Solidity of the Frufium of a Pyra- 
mid or Cone, cut by a Plane parallel to the 
‘Bale, having given the two Bafes together 
with the Height of the Frufium. 


Solution. By Prop. 32-0f Solids, a Pyramid or Cone 
equal to + of a Prifm or Cylinder of the fame 
jafe and Alucude. Let mn =k o the Altitude of the 
‘ruftum, be called H; | ; 

d mathe Height of 
1e Top-piece wanting 
.; the Greater Bafe of 


ne Fruftum B,and the En i 
fer D ; the Triangles Durs 
k and ac g are fimi. D 

i (cg ae k being d ae, re: 
parallelex Hyp. )where- R gees 
el cs ga 4 pRikay fo 7 
pnd aiternatelyc f:pR:: Meee! Mee SPE 

(aka. But 2 Be C Sy 0 

a: ma (fromthe Similarity of the Triangles, pan 
ind kam; )wherefore exequo cg:ph::n a. m a; 
ind by Divifion C£g—pk cpkiina—ma(— 
mn) ma; Which put into Symbols (putting cg the 
ide of the Bafe =S, and pk = s )will ftand thus S — 


1-7 H: S 


S—s 

the Height of the little Pyramid or Cone which is. 

wanting, I fay, having found it in known Terms, it 

will be ealy to find the Solidity of the Frufium; for 

multiplying the Bafe B into the whole Height H-+4-b, 
| eats the 


=h, Wherefore having found 


PP 
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the Product BH +- Bh=a Prifm of the fame 
Bafe and Altitude with the whole Pyramid or Cone; 


and bh =a Prifmor Cylinder of the fame Bafe and 
Altitude with the leffer Pyramid or Cone. Wherefore, 
BH LB 


Solidity of the whole Pyramid or Cone, and 2a = 


by the aforementioned Propofition, 


3 
Solidity of the leffer ; now from the Solidity of the 
whole taking the Solidity of the leffer Pyramid or 
Cone, there will be left the Solidity of the Fruitrum 


required, viz. fst Bb bib = Solidity of the 
3 | 
Fruftrum. 
The Theorem in Words is this: Multiply the 
greater Bafe by the whole Height, and from the Pro- 
dud fubjtra& the upper Bafe multi ply’d by the Height 


of the Top-piece wanting, and à of the Remainder will 
give the Frufirum. ; 


LUS 


ee ee ee, Ae Pa GF 
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49. Ifina Rectangle Triangle 4 bc, a Lineasad 
se drawn from the Vertex or Top 

of the Right Angle, perpendicular a 

o the Bale, Hypothenufe, or long. 

eft Side bc, it thall divide the Trie GS 
angle abc into two other Re@- ge Re: 
ingled ones, 25 danddac, which : she bees 
will be fimilar to each other, and 

othe whole bac. For, r. Allthe =: : 
hree Triangles have one Right An. 7 em 
tle. 2. The Triangles 4 bc and | 

£ à d have the Angle 6 common to both: Wherefore 
ey are fimilar (6. 45.) 3. The Triangles 2b c and 
£ dc have alforhe Angle c common to both: there- 
ore they two are fimilar ; and laftly,abd andadc 
reing both fimilar to one third Triangle abc, will be 
o to each other.) | 

50. The Perpendicular 4 disa mean or middle 
>rcportional between à dand de. Thatis,cd: da: 
la : db. For the Triangles c da and b da being fie 

ilar (by the laft) c d{the leffer Leg of the Triangle 
da) thallbe to ad (the greater Leg) : : As the fame 
: d (the leffer Leg of the other Triangle ad b)is ta 
dthe greater Leg. (6. 46.) 

51. The Square of ad is equal to the Rectangle 
made between cd and d 6. For. fince cd: da:: daz 
'b, (by the laft) the Rectangle of the Extreams c d 
ind db isequal to the Rectangle of the mean Terms 
faand da(6. 28) But the two fides of that Rect- 
ingle being equal, becaufe ‘tis only d ataken twice ; 
that Rectangle muft be the Square of d z ; and fo it 
may be laid down as an univer{al Theorem, that €3c. 
ithe Square of the Perpendicular drawn fromthe Vertex 
Fany Rectangle Triangle to the Hypothenufe, is equal — 
9 the Reétangle under the Segments of that Hypothe= 
rufe. 


52. The 


Iho. : ELEMENTS 


52. The Square of a mean Proportional is alwags 


equal to the Rectangle of the Extreams. 


PROBLEM L 


Between two given Lines a and b, to find a 
mean Proportional, as d. 


Join 2 and both in one Line, which make the 
Diameter of a Circle ; and then at the Point, where 
the given Lines join, erect a Perpendicular as d ; that 


fhall be the mean Proportional required. For the 
Angle DRS being a Right one (as being ina Semi- 
circle) bi d:: dia by Prop. 57. 


PR O B.. II. 


And thus may you find a Line equal to the Square 
Root of any Number or Quantity, by finding a 
mean Proportional between it and 1. For if ’=4, 
and a —1 ; then will d=2, equal to the Square 
Root of #. 


PROB. 
\ 


Vy ay CRNA: ct SPE eh oy” 
a Mi Ka ory J sh 
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PROB. He 


‘Thus alfo may a Square be found equal to any. 
nectangle given, by finding a mean Proportional 
setween its Sides, which fhall be the Side of the 
quare required. 


PROB. TV. 
To find a Square equal to any Triangle. 


Find a mean Proportional between a Perpendicu- 
ar let fall from any Angle to an oppofite Side, and 
e half of that Side ; and that fhall be the Side of 
e Square required. | 
53. À Reëtangle being given to make another Reë&. 
ngle equal to it, which fhall have a Length given. 
vet the Rectangle given be 2c, and let | 
- be required to make another equal to a 
:, the Length of one of whofe fides fhall 4 ¢ 
se the Linee f: Here are nowthree €rp 
ines given, viz. aband bc (whichare : 
the fides of the Rectangle given) and ef, £ 
which muft be one fide of the Rectan- 
tle required. Therefore a fourth Line muft be found 
which fhall be the other fide of theRectangle fought : 
which is done by finding a fourth Proportional to 
“à three given Lines (6. 43.) which ler be e So 

ate f:ab:: bc:ebh; and then I fay, the Rectan- 
lle f his equal to db, and is the Rectangle required. 
5. 27.) 

N. B. This is called Application of the Re@angle, 
yqual to a Right Line ab, vid, Eucl. p, 6. €. 6. 

I 


54 To 


Re Tey Sr! Te ee T FF | Qi Yas 
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54. To exprefs a Rectangle, you need ufe but 
three Letters, v. gr. When we fay the Rectangle 
bdc: We mean a Rectangle, one of whofe Sides is 
b d, and the otherdc. But if wefay the Rectangle 
bcd, we then mean a Rectangle,one of whofe Sides 
is 6 c, and the other c d. 

55.In every Rectangle Triangle the Square of the 

3 ypothenufe is equal to the (Sum 
of the) Squares of the two other 


a 
4 di Sides (or to the Sum of the Squares 

b, iC of the Legs.) | 
: RS Let the Square 6 m, be divided 
by the Perpendicular a de into the 
two Rectangles dmand dx, I fay 
nem that the Rectangle dm is equal to 
| the Square of a c, and the Rectangle 
dn,to the Square of 2d: and that by confequence 
the whole Square b m is equal ro the Sum of the 
Sguares of abandac. For, 1. The two Triangles 
adcandabc being fimilar (6. 56.) dc : ca (in the 
leffer Triangle dc 4) :: as the fame ac: cin the 
greater Triangle 2cb. Wherefore ac is a mean 
Proportional between dc and c b (or cm) and con- 
fequently the Square of a cis equal to the Rectangle 

bcd,or dem, that is d m. 

And after the very fame manner may 4 b be prov'd 
to be a mean Proportional between à d and bc (that 
is bn, &c.) (for the Triangle a b d being fimilar to 
abc; d behe leffer Side in one will be toba the greae 
ter Side, as that b a (now the leffer Side in the other 
_ Triangle abc) is to bcthe greater Side: That is, 
db:ba:: ba:be, (orbn) and confequently the 
Square of a b is equal to the Reëtangle d bn, or dn. 
And fo both the Squares together, of b a andac, or 
their Sum is equal to the Square of the Hypothenufe. 
Q. E. D. 


" PRO- 


a 


| MM i i rl —" 
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PROBLEM I. 


Hence any two, or more Squares may eafily be 
added together into one Sum. Lec 4b, bd, and ef, 
be the Sides of three given Squares, place 4 band bd 


€ e 


À 


at Right Angles, and draw the Hypothenufe 4 4, 

hofe Square will be equal to the Sum of the Square, 
bfd band ab. Then fer da from btoe, and the 
given Line ef, from 4 tof; So fhall the Hypothenufe 
“e, be the Side of a Square equal to the Sum of the 
three given Squares. 


PROB. IL 


Or if two Squares be given, you may fubtract 
one from the other, and find a Square equal to the 
Difference between them. | 
Let z and be the Sides of the given Squares ; 
make (the longeft Line) the Radius of a Circle, and | 
et 5 from the Center on the {ame Right Line with a; 
it the End of 4, erect the Perpendicular p, which will 
ee the Side of a Square equal to the Difference be- 

; I rween 
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tween the Squares of a and b the two Squares given: 
for fince the Square of 4 is equal to the Sum of the 
Square of b and p: (by the precedent Prop) The 
Square of p muft be the Difference between the twa 
given Squares, whofe Sides are 4 and 6. 


PROB. IL. 


Hence alfo may a Square be made equal to any; 
given Polygon, or irregular Right-lined Figure : By 
reducing the Figure into Triangles ; finding Squares: 
equal to thofe Triangles ; and then one Square at 
laft equal ro the Sum of all thofe Squares. | 

Orby making Rectangles equal to thofe Trian- 
gles, which fhall have all the fame Height; -then: 
joining thofe Rectangles together, fo as to make one: 
great one equal to them all ; and laftly, make a: 
— Square equal to thar Rectangle. : | 


5e. If 
«| 
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59. If upon the three Sides of a Rectangled Tri- 
angle are made three fimilar Figures, and thofe fimi- 
larly pofited, the greareft fhall : 
| be equal to the other two. 
For the three Figures being 
fimilar are as the Squares of 
|theirHomologous Sides (6. 53). 
And therefore the Figure A 
‘fhall be to B and C, as the 
‘Square of J ¢ is to the Squares 
‘ofa bandac. But the Square of bc is equal to 
ithofe two Squares (by the laft) therefore (toe Figure 
A is equal to both B andC together. 


PROBLEM I 


To find two Lines b and c, which fhall have 
the [ame Ratio to one another, as two gin 
ven Squares, Similar Triangles, Similar 
Polygons, or Circles. | 


Let 4 and d be the Sides of the two given Squares, 
Triangles, Polygons; or the Diameters or Radius’s 
‘of the Circles given: Set them at Right Angles to 


4 2 one 
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One another, as you fee, and draw the Hypothenufe 
bte, to which let fall the Perpendicular p, which 
fhall divide the Hypothenufe into two Parts & and c, 
the Lines required. For the Triangles Z and X be- 
ing fimilar (by 56. of the 6.) will be to one another 
as the Squares of their homologous Sides 2 and d, 
(6.47.) Thefe Triangles alfo having the fame Height, 
will be as their Bafes (6. 42 ) wherefore their Bafes 
band c, are as the Squares of dand a. Q.E.D. 


PROBLEM IL. 


This Problem may be inverted thus; To 
make two Squares, Triangles, &c. having 
the Ratio of two given Lines, b aud cy or 
20 any given Ratio. 


Join the Lines into one continued Line, and then 
make that the Diameter of a Circle, from the Point: 
where à and c join ; erect a Perpendicular to the: 
Curve as p, then draw dand a, and they fhall be the 
Sides of the Squares, Triangles, fimilar Polygons, 
or the Diameters of the Circles required. 

In a Right“angled Trian- 

gle let the Hypothenufe be b, 

the Cathetz or Legs 6 and c, 

a Perpendicular from the 

Vertex of the Right Angle p, 
and the Segments of the 

| Bale made thereby, a and e, 
Then 1. b:b::xep." Wherefore bp = bel 
from whence will arife thefe 4 Theorems, for find. 
ing any of the Sides or Perpendiculars by having the 
reft. 


1h 
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yee, | 3.c— PP 

4 | b 
VS — 7° 
. c BH b 


2. a. bb = ab. 
1€ Were 
e, © Co eh 
Whence will arife thefe two Theorems for finding 
the Segments from the 3 Sides. 


bh | 
I.— =a 2, fe 
eB b 


3, 4. 4c pb 
LE M. Vient À £ 
cp: eb=pe 


From whence thefe Theorems will arife for find- 
ing the Segments, the Sides or the Perpendiculars, 


I Pa 2. Fi = e 
RE GS bas à 
? P 
_ ae — 6 ee À 
3 ; P Ho 
4. bp e be=pe 
be ‘ Wherefore 
oop: Cape 


I 3 Aad 
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And confequently, 


—- PS, ps ne 
1.6 ; 2. 6 ei 
5. And fince e= a and (by 3) ae, 


Therefore a _ es Wherefore pc b= 6 cc 
and dividisg both byc,p bbc. 


That is, the Rectangle under the Legs, is equal te 
that of the Perpendicular into the Hypothenule, Ge 

For, by proceeding after this Method, the Reader 
may eafily difcover many fuch Propofitions as thefe: 
Which I leave to exercife his Skill and Diligenc: 
this way. 


I. That the Rectangle under either Leg of a righ: 
angled A, and the oppofite Segment of the Bale 
is equal to that under the Perpendicular into the 
other Leg. 9 


{I. The Square of the Hypothenufe is to that o: 
either Leg :: as the Rectangle under the Hypothe: 
nufe, and the Segment of it, oppofite to that Leg, 1: 
to the Square of the Perpendicular. 


Ill. The Solid under the Perpendicular into thy 
Rectangle of the Legs, is equal to that under thy 
Hy pothenufe into He Rectangle of its Segments. 


IV. The Square of the Perpendicular is to the 
Square of any Leg, as the Segment oppofite to th! 
Leg, is to che whole Hypothenufe. à a 
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V. The Square of one Leg into the oppofite Seg- 
|iment of the Hypothenufe equal to the Square of the 
‘other into its oppoñre Segment, Wherefore, 


VI. The Squares of the Sides are as thofe Seg- 
iments. | 

56. If on the Hypothennfe bc of a Rectangled 
‘Triangle, there be made a Semi- ; 
(circle bac, and on rhe other two 
‘Sides 4 b and ac, two more Semi- 
icircles bn 4 and amc, that great 
‘Semicircle will be equal to the o- 
ther two (by the laft Propofition.) And if from the 
igreater Semicircle, and the two leffer ones, you 
itake away what is common to both ; which aie the 
itwo thaded Segments 4b and ac; what remains 
‘of each muft be equal, z.¢. the Triangle 4b c is e= 
(qual to both the Lunes buaand ame. 

And this is the Quadrature of the Lunes of Hippo= 
‘crates of Scio. | 

57- When the Triangle 6 ae is an Ifofceles, then 
ithe Lunes will be equal, and then alfo the Triangle 
.ab 0, being the half of 2c, will be equal to each 
Lune. But if the Triangle be a Scalene, as in this 
|Figure, the Lunes are unequal ; and’tis as difficule 
ito divide the Triangle a %c into two Parts by the 
|Line ao, fo as to be able to prove the Triangle bo 
ito be equal to the Lune bz, and the Triangle oac 
ito be equal tothe other Lune amc; this is, I fay, 
‘as difficult as to find the Quadrature of the Circle, 


N. B. Since this, feveral ways have been difcover'd 
of fquaring any affigned Portion of thefe Lunes.. 
(See the Philofophical Tranfactions, N. 259. 

pag. 4, 11.) Of which this is one, 


T 4 Le 


> 


120 ELEMENTS 


Let there be a greater Circle BG AC, on whofe 
quadrantal Arch B A, ler the Lune be BEAGB, or L, 
be drawn by defcribing the femicircular Arch BEA, 
which is one half of the leffer Circle BC AE. Let 
then a Line, as C E, be drawn from the Center of 
_the greater Circle, cutting off any Portion or Seg- 
ment of the Lune, as BED: ‘Tis required to 
{quare that Segment. | 

Draw BG at right “Angles to EC ; So fhall the 
Chord BG be perpendicularly biffected in the Point 
F or », drawalfo BE and EGA. I fay, that the 
Right-Lined Triangle BEF, is equal to the Part 
of the Lune BE D. 

For FG being equal to FB, EF common to both, 
and the Angles at F equal, becaufe both Right, the 


Triangle EFG will be equal to BEF : Wherefore 

the Angle o being equal to a, they muft be.both Se- 

mi-right ; And coniequently, f and S muft be allo 
L : Ce 
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Semi-right : Therefore the three Triangles E B G, 
Æ BF and EF G, muft be each one the half of a 
Square. And confequently, GB: EB::4/:2:4:1. 
for the Square of GB is double the Square of EB; 
and fince fimilar Segments are as the Squares of 
rheir Chords, the Segments BG muft be double of 
IBE : Wherefore the half of one will be equal to all 
the other ; that is, B DF equal to the Segment BE. 
‘And therefore the Rectilineal Triangle BEF, ex- 
ceeding the Portion of the Lune by the haif Segment 
BEF, and falling fhort of the Lune by the Segment 
IB E, which is equal to that former half Segment 
IBDF, the Triangle is exactly equal to the Portion 
of the Lune. Q.E. D. 

And the Ground of all is this, that the Angle BCE 
being at the Center of one Circle, and at the Cir- 
cumference of the other, muft divide the Quadran- 
sal Arch BG A, inthe fame Proportion as it doth the 
Semi-circular one BEA: On which depends the 
[Equality of the Segments BE, and B D F 

And fince the Triangle BCA is equal to the Lune 
IL, (as is apparent by taking the common Segment 
IB GAB, from the Semi-circle BEA B, and from the 
(Quadrant BG AC.) It will be eafie to take from 
thence a Part, as the Triangle BOC, equal to the - 
jaffigned Portion of the Lune. For having let fall a 
\Perpendicular from E, to find the Point O,draw OC; 
‘and then will the Triangle BOC, be equal to the 
Triangle BE F, before proved equal to the Segment 
‘of the Lune. For the Triangles BC A and BEF 
are fimilar, as being each the half of a Square: And 
therefore the former rothe latter will be as the Square 
of BA, tothe Square of BE (6. 47.) their homo 
Hogous Sides. Tharis,as B A isto BO (6. 25.) for 
BE is a mean Proportional between BA and BO. 
‘Farther, the Triangle BA C, having the fame Height 
‘with BOC, will be to it as the Bale AB eg 

| ere- 
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Wherefore the two Triangles BEF and BCO, be. 
ing proved to have 1. {ame Ratio to one and the: 
fame thing, muft be equal. Q.E. D. 

And cherefore to divide the Lune according to any: 
given Ratio, you need only divide che Diameter’ 
AB, according to that Ratio in the Point O,and from. 
thence erect a Perpendicular to find the Point E: 
then draw EC, which fhali cut off the affigned Por-. 
tion of ihe Lune. 

58, Two Chords cutting or croffing each other in | 
a Circle, have the Segments reczpro=: 
cally Proportional, 

I fay, thatac:be::de:ec, and 
+ confequently the Rectangle # ec is e- 
\~ qual to the Rectangle de 6. 

nr 7” « For draw che prick’d Lines 2 band 

dc, and thetwo Triangles 26 e and 

dce willbe Similar: Becaufe 1. The Vertical or 
oppofire Angles at e are equal (1.22.) 2. The Angle 
bis equal toc, becaufe ftanding both on the fame 
Ark ad, and being in the fame Segment (4. 12.) 
wherefore the two Triangles are Similar, and con- 
fequently aeeb::deec. (6.46) Q.E.D. ~ 

59. If ac be the Diameter of a Circle, anddd a 

Perpendicular to it, de or be will be 

b a mean Proportional between the 

_ Segments of the Diameter ae and 

a € ec. Becaufe de is equal toes (by 

4.6.) and therefore fince (by the lafé) 

the Rectangle bed (that is be. 

Square) is equal to zec, asthe Re- 

étangles of the Parts of ali croffing Chords are; the 

Line be ored, muft be a mean Proportional be. 
tween seandec. Q.E. D. | 


a 
wot pa 
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. 0. Two Lines 4 c and ad, drawn from a Point 
a, without a Circle, to the inrernal 
‘and oppofite Part of its Circumfe- 
rence ; are to each other Reciprocally 
:as their external Segments. Ifay, ac, 
.ad::4ae:ab.and confequently the 
Rectangle ca 6 is equal to dae. For 
‘fuppofing the Lines ce and 6 4 to be 
drawn, the Triangles aec and adb 
‘will be fimilar, becaufe the Angle 24 is common to 
both, andthe Angle c is equal to d, becaufe ftanding 
on the fame Ark be (4. 12.) wherefore datab:: 
catae;andalternately,da:ca::ab: ae. and by 

Inverfion ca:da::ae:4ab(6. 45.) And therefore 

the Rectangle ca b is equal 10 dac. Q,. E. D. 

If one Line as 4 b, touch a Circle, as in the Point 
b, and another Line a d, drawn from the fame Point 
a, do cut it; then is ad (the Tan- 
gent) a mean Proportional between 

“adand ae(i.e, between the whole 

Secant, and the Part of it without the 

Circle.) 

For drawing the Lines be and vd, 
the Triangles 4 e b and bad will be 
fimilar, becaufe the Angle 4,iscom- 
mon to both, and the Angle 2 4 e (made by the Tan« 
gent, and Secant e D) is equal to d (am Angle in the 

oppofite Segment ) (4. 17.) therefore they are fimilar, 
and confequently e 4 (in the litle Triangle) will be 
toab::asthat fame a bis to 4 d, in the greater 


Triangle :iees:ab::ab:ad, QED. 


61. Let 
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61. Let there be a Diameter ab cut inc by an Infie. 
nite Perpendicular e e, whether with-. 
in the Circle, as in Fig. 1. at the Cire. 
cumference, as in Fig. 2. or without: 
the Circle, as in Fig. 3. Let there: 
be drawn alfo from the Point 4, any: 
Right Line, asa@e, cutting the Per-. 
pendicular in e, and the Circle in g. 
I fay, it fhall always be asad: acs: 
| a0? ae. 

For drawing the Line bd, there 
will be made two Triangles that are 
fimilar, aseac and dab; which 
will be (0, becaufe they have one An- 
| le as a, common to both, and the 
Angle d equal io c, becaufe both are Right ones (for 
_ dis Right by 4. 14.) as being an Angle in a Semi- 
circle, and cis Right by the Suppofition. Wherefore 
the Triangles are fimilar, and confequently ad: ae 
s:ab:ae. Q.E D. 

62. In the fecond Figure, ad is always a mean 
Proportional between ae and ad; in the firft, the 
middle Proportional is aE, drawn from 4, to the 
Place where the Line ec cuts the Circle. 

63. If of a Triangle infcribed in a Circle, the An- 
gle bac be biffected by the Line ae d. 
{ fay, then ba: ae: :ad:ac. For drawing the 
| Line eb, chere will be made two Tri. 
angles abd and aec, which are fi- 
milar ; becaufe the Angle d is equal to 
c(4. 12.) as (being in the fame Segment) 
“or infifting on the fame Ark, and bad 
is equal toe ac, by the Suppofition. 
Wherefore the Triangles are fimilar, 
and confequently 64: a4::ae:ac. (and therefore 

alternatelyba:aez:ad:ac) QED, 


64. When 
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64. When the Angle at the Vertex is thus bite 
“ed, the Segments of the Bafe bc are alfo propor. 
tional to the Legs of the Triangle (.e.) besec 
:ba:ae. For fuppofing ef drawn parallel to ba. 
When willba:acz:ef: fe (6.40.) But ef ise- 
qual to af; becaufe the Angle ae fis equal toe ab, 
jas being alternate Angles 1.31.) and confequently 
coeaf (by the Suppofition) wherefore ithe Triangle 
wef isan Ifofceles (2. 15.) And therefore inftead of 
putting of it as before bazac::ef: fe, wema 
ay ba:ac::af:fc. Buras hf: fo i-loisbe 
ec (6.42) wherefore ba:ac::be:ec. Or, 
which is all one, bc: ec: :ba:zac., Q. E. D. : 


N. B. This Propofition is Univerfal; and if any 
| Angle of a Triangle be biffe%ed, the Legs about 
that Angle are proportional to the Segments of 


the oppofice Side made by the Line biffecting 
the Angle.) | 


65. If two Circles touch one another 
#ithin) as a, and if to that Point 
‘ou draw a Tangent and a Perpen- 
icular acb (which will pafs thro’ 
coth their Centers) (4. 5.) and if 
Ho you draw any Secant from 
ne fame Point, as aed. I fay, 
will always be ae:ad::ac: 
6 For having drawn the Lines 
‘ec and db, the Triangles 2 e c and 4 4 4 will be G- 
nilar, as having the Angle at +, common 3; ande 
nd d both right ones ; (by 4. 14.) and confequent- 
Vae:ad::ac:ab. D 

66. The Arkecis to the Ark db, asthe whole | 


tircle a ec, to the whole Circle 4 d J, (6. 49. and 
» II.) 


(in 4 Point 


a 


PROP, 
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r RO: Ff, 


: 67. If two (or more) Chords, asc, C, iffue from 
the fame End of any Diameter of a Circle ; Their 
Se : | … Squares fhall be direttly,as the 
_ Verfed Sines x X. | 
And fhall alfo be equal to 
the Reëtangles under the Di= 
ameter and Juch Verfed Sines. 
Ler fall the right Sines s 
and S, Then willcc=ss 
+ x æ, and CC =SS+ 
X X, and if the Diameter be 
called D, its Parts will be x 
and D— x, XandD—X 
_ Burss— x, D— «x, and 
SS =DX — XX (by 66 of this Book) where- 
fore {ubftiture thofe two laft Quantities inftead of 
the Equalss s and 88 ; and you will have ce=D x 
—xx#xx (that is) De and CC—DX— 
XX+-XX (thar is) DX which proves the lattes 
Part of the Propofition, thatthe Square of the Chord 
1S always equal to the Rectangle under the corres 
{ponding verfed Sine, and the whole Diameter. 
| And ’tis plain char, 


Dx.DX::x.X. Q.E.D. 


PROP. 


68. A Circle whofe Area is equal to the Convex 
Surface of a given Cone, will have its Radius 4 
mean Proportional between the Side of the Cone and 
Radius of its Bale. 
ar Le: 
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Let thé Side of the Cone be =a, the Radius of 
the Bafe =r; then the Diameter will be 2 r, and 
the Periphery =2re=—=c But half the Periphe- 

y into the Side of the Cone is = to the Convex Sure 
Face of the Cone (by ....) that is, are exprefles the 
the Area ofthe Cone. Now fince / : zr isa mean 


roportional between 4 andr (for a: 472: Jj tar 


-) I imagine V: ar to be the Radius of the Circle 
whofe Area — Area of the Cone. Then will its 


Diameters be 2 4/: 4 r, and its Periphery 27 :are: 
ind by Multiplication of 2a/:are, the Periphery 


nto S 4 : ra the half Radius: or Ware into fira 
the Radius of the Circle will be ar e== h, the Sure 
ace of the Cone. QE. D. 

69. The Convex Surface of a right Cone is to the 
Area of its Bafe :: as the Side of the Cone is to the 
Radius of the Bafe. 

For fince the Convex Surface of the Cone, (by 
hat is faid after 14. Book 4.) is equaltoa Tri 
gle. whofe Bafe is equal to the Periphery of the 
jircular Bafe of the Cone, and its Height the Side 
if chat Cone, call the Periphery c, and the Side of 


‘any Æ C 
ne Cone 4, then will = exprefs the Area of the 
2 


Nonvex Surface, and the Area of the Bafe will be 


. (by Art. 26. Bock 4.) But there is no Doubr 


| c 
mi: Sin Wherefore, €c. 
| 2 


70. À Circle whofe Radius is equal to the Dis= _ 
meter of the Sphere, will have its Area equal to she 
phere’s Surface. 

4 + 


Ler 
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Let the Radius of fuch a Circle be 27, then its 
Diameter is 47, and its Periphery will be 4re, and 
by multiplying that by r = half of Radius, the A- 
reais arre. Letthen the Radius of the Sphere be 
r, then will its Diameter be 27, and the Peri. 
phery of a great Circle 27 e, which being multipli- 
ed by the Radius 7, makes 2rre ; the half of which 
isr re, the Area of a great Circle; but the Area of 
4 {uch Circles is equal to the Sphere’s Surface (by 
Cor. V. p. 76.) that is, 477 ¢ == to the Spheres 
Surface ; which was above proved equal to the A- 
sea of the Circle, whofe Radius was equal to the 
Sphere’s Diameter. Wherefore, ES c. | 


ELS 


WAIN RAS Vi: s) 4 
RE ASS 


DURS Pa 
aS 


ELEMENTS 
Gr 
RGEOMETEF: 


BOOK VII. 


Of Incommenfurables. 


© Leffler Quantity is faid to meafure a 
Se greater, when being taken a certain 
RX number of Times, it is exactly equal 
SW ro the greater. V. gr. Suppole a Fa- 
thom to contain fix Feet; then may 
one Foot be faid to meafurel that Fa- 


ill be exactly equal to the Fathom. 

2, The Quantity which is thus a Meafure to a 
greater Quantity, is called a Part of that greater ; 
and the greater Quantity is call’d the Multiple of the 


«effer. Soa Foot is the Part of a Fathom, and a 


Fathom is the Multiple of a Foot. 
3. If you take the Quantity (of 4 common French 
Pace) which is rwo Foot and half, and try with chat 
RK te 


being taken or repeated fix times, it 
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to mealure a Fathom, you cannot doit: Becaufe if 
you add that Pace only twice, it will make but five 
Foot, which are lefs than the Fathom; and if you 
take it three times, it makes feven Foot and half, 
which are more than the Fathom ; fo that this Quan. 
tity of two Foot and half cannot meafure the Fa- 
thom, and therefore properly {peaking is not a Pare 
of ir. But neverthelefs they may be faid ro be Parts 
of the Fathom, becaufe this Quantity contains five: 
half Feet; for an half Foot isa Part of a Fathom, 
becaufe being raken 12 times, it will juft meafure 
it; fo therefore this Place contains Parrs of the Fa 
thom, becaufe it contains five half Feet, which are 
<2, tharis five rwelfths of a Fathom. 

4. When two Quantities are fuch, that a third can 
be found which fhall be an (Aliquot or Even) Part of 
both, that is, which fhall meafure rhem both exact- 
ly: Then thofe Quantities are faid to be commen 
furable : As for Inftance, a Pace and a Fathom are 
two commenfurable Quantities, becaufe we can find 
a third Quantity, v7%. half a Foot, which will mea- 
fure them both; For if the half Foot be taken five: 
times, it makes the Pace, and taken 12 times, it 
makes the Fathom. 

5. But when it is not poffidle to find any third 
Quantity which can meafure two others, then tkole 
two Quantities are called Incommenfurables. 

6. Commenfurable Quantities are as Number to 
Number, that is, thofe Quantities can be exprefled 
by Numbers, fo that as one Quantity is to the other, 
{o fhall one Number be to the other. Thus a Line 
of Gx Foot or a Fathom, and a Line of two Foor 
and a half, as a Pace, are to one another as Number 
to Number. For half a Foot meafuring them bath, 
the latter by being taken 5 times, and the former by 
being taken 12 times ; it’s plain that one Line con- 
tains $ half Feet,and the other 12, and therefore they 
are as 5 to 42, or as Number to Number. 7. If 
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7. Iftwo Quantities are not as Number to Num- 
ber, that is, if it be impoffible to exprefs their Mag- 
nitudes by two Numbers, they are Incommenfura- 
ble : As is plain from the laft. 

8. We ought then to fee whether there are in Re 
ality any fuch Quantities whofe Magnitude cannot be 
exprefs’d by Numbers, and if there be anv fuch, we 
muft fay that there are Incommenfurable Quantities. 

9. A plane Number is that which may be produ- 
ced by the Multiplication of two Numbers (one in- 
to another) v.g. 6 is a plane Number, becaufe it 

may be produced by the Multiplication of 3 by 2 : 

For twice 3 makes 6: So alfo 15isa plane Num- 
ber, arifing from 5 being multiplied by 3; ando is 
a plane Number, produced by the Multiplication of 
3 by 3. 

10. Thofe Numbers which,being multiplied one 
‘by another, do produce a plane Number, are called 
ithe Sides of thar Plane, as 2 and 3 are the Sides of 
ithe Plane 6 ; and 3 and 5 are the Sides of rs. 

11. If we imagine Units to be little Squares, 
ithofe Squares may be formed into a Rectangle, if 
their Number be a Plane. V. gr. 12 Squares may be 
iplaced in the form of a Rectangle, one of whofe 
‘Sides may be 6 and the other 2, and 48 will make a 
[Rectangle whofe two Sides may be 12 and 4. See 
tthe following Figures B and C. 

12. À fquare Number is a Plane, whofe Sides are 
equal ; as 4 arifing from the Multiplication of 2 by 
2 ; as 9, the Product of 3 by 3: And 16 made by 
4 multiplied by 4, ec. 


13. À fquare Number may be ranged into the 


form of a Square, and that Number which can be 


ranged into che form of a Square, is a fquaré Num- 


ber, and chat which cannot be ranged into the form 
mf a Square, is not a fquare Number. 


K 2 rage. 
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14. Similar plane Numbers are thofe which may 
be ranged into-the Form of 
6 fimilar Rectangles ; that is, 
we i into Rectangles, whofe Sides 
are proportional ; fuch are 
12 and 48; For the Sides 
of 12 are 6and 2 (See Fig. 
we: B) and the Sides of 48 are 
12 and 4 (See Fig. C.) Bur6é:2:: 1224, and 
therefore thofe Numbers are fimilar. 
15. All fquare Numbers are fimilar Planes (6. 32.) 
16. Every Num- 
ber may be placed 
in the Form of a 
Right Line, and in 
that Difpofition may 
be taken for a Plane. 
Thus 3 (in Fig. A.) 
may be conceived as a Plane fimilar to12 or B; For 
the Sides of the Plane 3, are 1 and 3, (becaufe once 
3 is 9) and ihe Sides of 12 are 2 and 2 But as 1s 
PUR AE A 
17. There are Numbers which are not fimilar 
Planes: As if you examine from 1 to ro, you will 
find indeed that 1, 4,9, being Squares are fimilar, 
and fo are 2 and 8, which have one Side double to 
the other. But the reft as 3, 5, 6,7, are by no 
means fimilar Planes. 
17. If one fquare Number be multiplied by an- 
other, the Product will be a third fquare Number. 
Thus A 4, and B 9, being both 
z 4 Squares do, when multiplied into 
moe ea ELIA one another, produce the Number 
cl fe 36 or C: And I fay thatthird Nume 
ete ‘  berisa Square. For the Meaning 
LITE of multiplying B by A, is take B 
as often as there are Units in À. 
But 
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But I may confider the whole Number B 9. as one 
only Square, and I can take that as often as there are 
Units or little Squares in A. And as the Units in 
A are ranged into a Sqnare, fo I can range the 
Square B as often into a iquare Form, juft as if it 
were an Unit. So that there will be four fuch 
Squares of B, which, being placed as you fee in the 
Figure, will make the Square C or 36. 

19. If two Numbers are fimilar Planes, the grearer 
may be divided into as many Squares as there are U- 
nits in the leffer. A, 3. and B, : 
12. are fimilar Planes ; fo thar 
the Side 3. is to 6: : as the Side 
r.is to2. Wherefore I can di- 
vide the Plane B, 12 into 3 
Squares placed juft in fuch a 

manner as thofe 3 littleSquares 

iin the Plane A. And every one 
tof the great Squares of B fhall anfwer to 4 of thofe 


iin A. Soalloif the Planes 
D 
sf ve Aw 
LS DH ne 
a et 4 
5 


Ihad been 8 and 72; I can 
cdivide 72 into eightSquares [7 
we 
iam 


tof which every one fhall 
(contain 9 of thofe in the 
Heffer Plane 8. The fame 
‘would come to pals alfo, if 
éeirher one, or both the Numbers had been Fractions. 
As if À contain 3 and, and B14. I can divide 14 
into three Squares and half, difpofed juft like thofe 
in A. as may be feen by the Partitions in che Figure, 
and by the half Square added in prick’d Lines. 
Ta like Manner if the Planes were B 12, and D 27, 
If can divide 27, not only into three Squares, difpofed 
safrer the fame Manner as thoie in A: But alfo into 
112 Squares, fo ranged as thofe in B, as the prick’d 
[Lines in the Figure D do thew. The Way to do which 
as to divide’ the Sides of the greater Plane into as ma- 
my Paris as the homologous Sdes of the leffer Plane 
K 3 are 


3 
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are divided into; the Figure fhews the thing, and 
makes it eafie. 

20. Thofe plain Numbers which can be fo divi- 
. ded as that there are as many Squares in the greater 
Plane, as there are Units in the leffer, are fimilar ; 
- Ehis is the Converfe of the former. 

21. Two fimilar plane Numbers, multiplied one 
into another, do produce a Square. For having di- 
vided the greater Plane into as many Squares as there 
are Units in the leffer (7. 19.) One Plane will be 
multiplied by the other, if the greater Squares of the 
greater Plane be taken as often as there are Units or 
little Squares in the leffer Plane: But to multiply 
~ any Number of Squares, by the fame Number, is 
to make one Square out of all thofe Squares. 

For Inftance, A 3. and B 27. being fimilar Planes, 
I confider B. 27. as a Plane compos’d of three great 
Squares, as A 3.is a Plane compos’d of three Units, 
or three little Squares. So that if I take all thefe three 
great Squares, as often as there are Units in A, that 
is three times ; I produce then three times three fuch 
great Squares as are in B, that is, 9 {uch Squares ; of 
which every one contains 9 of thofe in A, and all 
thefe 9 Squares of B contain 81 of thofe of A ; fo 
chat A 3. multiplying B 27. produces 81. which is a 

Number of the leffer Squares rang d 

into a fquare Figure; and by confe- 
B273mA quence a {quare Number (7- 13.) In 
EEE like Manner if the Planes were B. 12. 

and D.27. I divide 27 into 12 
Squares, which I multiply by 12. 
and there are produced 144 greater 
Squares rang’d in the Form of a 
| Square, which do contain in all 324 
- of thofe of the leifer Plane. (N. B. To divide 27 in- 
to 12 Squares, each Square muft be 2.25. (or two and 
a Quarter) as you may fee it is in the Figure D.N*19.) 


I 22. Uf 
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22. Iftwo Plane Numbers are fimilar, after what. 


Form foever you range one,{the other alfo may be fo 
aifpofed. Let 3 and 12 be fimilar Planes. If 12 
be fo rang’d in a Right Line that will make a Rect- 
angle, one of whofe Sides fhall be 12, and the other 
1. I fay that 3 may be fo difpofed as to make a f- 
milar Rectangle, one of whofe Sides will be 6, and 
the other the half of one, &c. 

23. If one Number divide another that is a fquare 
one, a third fhall be produced which will be a Plane 
fimilar to rhe Divitor. 

Letthere be a Square #c 16, and let it be divided 
(by any Number, as fuppofe by 8, which is done if 
‘you take the eighth Part of the Side 
ad, viz. ae, and thro’ e draw the = 4 
|Parallelef: For by that means you 
‘will have rhe Plane af, which will 
(be the eighth Part of the Square ac. 
|But to dividea Numbrr or a Plane 
Iby 8, is to take the eighth Part of 
tthat Number or Plane. 

I {ay the Plane af is fimilar to 8 ; for 8 being range 
«ed into a Right Line, fo as to make a Rectangle, one 
tof whofe Sides fhall be 8, and che other 1, fhall be fi. 
imilar to ir, becaufe ae was taken the eighth Part of 
adorabh: Wherefore as 8 : 1 :: (which are the Sides 
tof the Plane 8 theDivifor) {o thall #b : ze (which are 
ithe Sides of che Plane of the Quotient arifing whenthe 
Square ac was divided by 8.) Therefore if one Num- 
lber divide another that is a Square, &c. Q.E. D. 
24. If two Planes multiplying one another do 
produce a Square, whofe Planes are familar. 

25. Two Plane Numbers which are not fimilar 
iif they are multiplied into one another, cannot pro. 
duce a Square. Thefe two Propoñirions are Con. 
(fectaries from the foregoing ones. 


K4 26. If 
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26. Iftwo Numbers are fimilar Planes, their Equi- 
multiples and any of their (re/peétively) equal Parts, 
are alfo fimilar Planes. Let the Planes be abcd. 3. 
and ABCD. 12. fo thatab: AB::bc:BC. I 
fay, if you take the double of the one, and the dou. 
ble of the other (or any other Equi-mulriple, be it 
what you pleafe) thofe Doubles fall be fimilar. 
For having taken ae double to ad, and AE dou- 
ble to AD: in order to 


3 | make the Plane be dou- 
À Fa ble to b d, and BE 
HT 12 double to BD: ‘Tis 
D! Ogre clear that ad: AD:; 
A hae Su ae:ÂE. Butrad:AD 
Yo unas ::ab: AB. Wherefore 


| allo ze: AE::4b:AB, 

And confequently the Planes be and BE are fi- 
milar. 
*Twould be the fame thing had you taken their 
Halves b o and BO, or any other equal Parts of each. 
27. If two Numbers are not fimilar Planes, their 
Eyui- multiples, and all their (re/peGively) equal Parts 
will alfo be not fimilar, which follows from the laft, 
28. Between any two fimilar piane. Numbers 
whatfoever, there is to be found a mean Proportio- 
nal. Ler the two Numbers be 2 and 8, I fay ir is 
poffible th find a Namber which fhall be a mean Pro- 
portional between them. For if we imagine the 
Plane 8 to be ranged in a Right Line AB, and the 
Plane 2, alfo be ranged in another Right Line, as 
A D, and that out of thofe two Right Lines there be 
A caer the Plane AC, 16, 
bat Plane AC, 16. will be 

HS produced by the Mulriplication 
Dr of the two Numbers 2 and 8 
* _ (6.17, and the following Pro. 
pofitions) and confequently the Number of the lit- 
tle 
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tle Squares of the whole Plane AC: 16, fhall be a 
fquare Number (7. 21.) and they ! 
imay be ranged into the Form of a 
‘Square (7. 13.) Let them then be 
difpoted into the Square ac. So fhall 
ithe Square ac be equal to the Plane 
AC, for ‘tis only the fame Number 
«difpos’d or rang'd after another Manner. Wherefore 
((6. 59.) the Side 4 b 4 fhall be a mean Proportional 
ibetween AD2, and AB8. 

29. Between two Numbers non-fimilar a mean 
 Preportional can’t be found. Ler the Numbers be 
4, and 6. Range each of them into a Right Line, and 
‘multiply them, they will produce the Plane 24. But 
‘this Plane 24 is not a fquare Number (7. 25.) and 
‘confequently cannot be ranged into a fquare Form. 
“Wherefore “tis impoffible to have any Mean between 
4,and 6. For fuch a pretended mean Proportional 
‘muft, multiplied by it felf, produce a Square, which 
\(as hath been prov’d elfewhere) will be equal to the 
Plane made between 4, and 6. (6. 59.) which is im 
 poñlible, becaufe this Plane 24, made out of 4 and 
6, 1s not a fquare Number. 

39. Let there be two Lines ae and ec, fo to one 
another, as one Number to another 
non-fimilar. V. gr. as 1. to 2. Leral- 


b 
fo eb be a mean Proportional, {o that 4 


acteb::eb:ec. Ifay,tharebis @ 
incommenfurable with the two Ex- 
treams ae andec, For ae and ec, 
being as 1 to 2, (7. e.) as Numbers 
non-fimilar (by the Suppoficion) as alfo are all their 
Equimultiples (7. 27.) ‘tis impoffible to find a mean 
Proportional between ae and ec (by the Precedent) 
and confequently e 6 cannot be to ae, or to ec, ag 
Number to Number, Wherefore it is incommen. 
furable with them. 


I 31. The 
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31. The Diameter of a Square 26 is Incommen- 
furable to the Side ac. For taking ad 
€ b double to ac, and making the Tri- 

| / k angle abd, it fhall be fimilar to the 
ak Est d Triangle abc ; becaufe cd being e- 

“ ? #7 qual to cb, the Angle d is equal to 

Ÿ chd (2.15.) and the Angle d muft 

| be a Semi-right one as well as cad; 
wherefore 4 b dis a right Angle ; and confequently 
aczab::ab:ad. Tharis, a b is a mean Propor- 
tional between a c 1, anda d 2, and therefore Incom- 


menfurable (by the Precedent.) 


COROLLARY. 


Hence ‘tis impoffible to exprefs one Square 
that fhall be Double of another in rational 
… Numbers. | | 


32. The Power of a Line is the Square which is 
made upon it. Thus the Power of the Line ac (Fig. 
preced.) is the Square ae bc ; and the Power of the 
Line ab is the Square abdf. And we fay that 
Line a bis double in Power (in Latin bis poreft) to 
the Line ac, which is a manner of {peaking borrow- 
ed from the Greeks, and generally receiv'd amongft 
Geometers. > oo 

33. The Diameter a b is Commenfurable in Power 
to the Side ac: That is, its Square 4 b df is Com- 
menfurable to the Square 4e bc, for ‘tis indeed 
double to it. 


34. But 
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34. But if you take # o, a mean Proportional bc- 
itween ab and ac, that mean ao fhall be Incommenfu- 
rable ro them even in Power ; z.e. the Square of ao is 
|Incommenfurable to the Square of 2, or 

‘tothe Square of ae, forthe Square ofac a 9 
to the Square of 4 b, is ina Duplicate Ratio 3 
of ac to ao (6.22); that is, as acto a b (6. 30.) 
{But ac is Incommenfurable to 26 (7. 31.) where- 
{fore the Square of 20 is Incommenfurable ro the 
‘Square of ao, 

35. There is a Second Power of a Line which is 
called the Cube, which is made by multiplying the 
Square by that firft Line, or Roor. 

_ 36. If two mean Proportionals an and am be 
taken betwen ac andab3; fo that ae. 
an::am, ab; the Line an will be In- 4 n 
commenfurable in this fecond Power to 2az——m 
ac (#.e.) The Cube of ac will be In- 
commenfurable to the Cube of az, becaufe the Cube 
cof acto the Cube of ax is in a Triplicate Ratio of 
tthe Side ac, to the Side 4 n ; 5. e. as ac to ab. But 
ac and 4b are Incommenfurable, wherefore, &c. 
IHowever ac and 2b are Commenfurable in the fe- 
«cond Power, for the Cube of #b is double to the 
(Cube of ac. 

37. Tis eafy to apply to Solid Numbers what hath 
here been faid of Plane ones: And thofe are called 
‘Solid Numbers, which arife from the Multiplication 

f a Plane Number by any other whatfoever. V. gr. 
118. is a folid Number made of 6 (which is a Plane) 
:multiplied by 3; or of 9 multiplied by 2. 

38. Similar Solid Numbers are thofe, whole little 
(Cubes may be fo ranged, as to make fimilar and 
irectangular Parallelopipeds. 

39. Cubick Numbers are {uch as can be ranged into 
ithe Form of Cubes as 8.or 27, whofe Sides are 2 and 
:3, and their Bafes 4 and 9. 


40, Every 
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40. Eyery cubick Number, mulriplying another 
cubick Number, produces a third cubick Number. 

41. Between two fimilar folid Numbers there may 
be found two mean Proportionals. 

That which bath been demonfirated, in refpe& to 
Plane Numbers, may be applied to Solids. 

42. Thefe Demonftrations by which ‘tis proved 
thar there are incommenfurable Lines and Magni- 
tudes fhew alfo that a Continuum is not compos’d of 
finite Points: For if the Diameter as well as the 
Side of a Square were compos’d of finite Points, a 
Point would meafure both the Side and the Diamee 
ter, for chat Point would be found a certain Number 
of Times in the Side, and another determinate 
Namber of Times in the Diameter, which the pre- 
ceding Propofitions prove impoffible. 

43. Becaufe in a ReCtangie Triangle the Square 
of the Hypothenufe is equal to the Sum of the 
Squares of the Legs; (6. 61.) we have always ufed 
this Triangle for theDifcovery of Incommenfurables, 
For if all che three Sides are commenfurable, they 
may all three be exprefs’d by three Numbers, and 
then the Square of the greateft Number will be equal 
to the Sum of the Squares of the other two. As if 
the greateft Side or Hypothenufe be 5 Feet, the leaft 
Side 3, and the middle one 4: The Square of 5 
will be 25, the Square of 3, 9, and the Square of 4 
will be 16: And 9 and 16 added together do make 
the great Square 25. But if the leaft Side of fuch a 
Triangle be 2, and the middle one 3, then the grear- 
eft Side cannot be exprels’d in Numbers, becaufe the 
Square of the leaft Side 4, added to the Square of the 
middle Side 9, makes 13, which exprefs the Square 
of the greateft Side. But as that Number 13 is not 
a fquare Number, fo its Side or Root cannot be exe 
prets'd by any Number. 

44. Acall times Men have been follicitous to find 
out fome Method of dilcoyering proper Numbers to 

7" “BS | | exe 
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exprefs the three Sides of a Rectangle Triangle, fo 
‘as to be affured thar all the three Sides are Commen- 
furable. Therefore I here thew you fuch a Method, 
by which you may find our all the poffible Num 
bers that are proper for this Purpofe. | 

_ 45. If you take any two Numbers (even Unity ic 
felf) differing but by an Unit, and add the Squares 
of them rogether, the Sum will be a Number which 
fhall be the Root of a Square equal to two Squares ; 
‘And that Number will exprefs the greateft Side of a 
Rectangle Triangle, whofe middle Side thall be that 
‘Number leffen'd by Unity, and the leaft Side thall be 
the Sum of the two firft Numbers. V. gr. Having 
taken.1 and 2, and {quared each of them, you have x 
sand 4; Add thofe two Squares togerher, and the 
Sum is 5. I fay 5 will exprefs the greareft Side, and 
then 4 will be the middle one, and 3 the leaft; and 25 
ithe Square of the Hypothenufe, will be equal ro the 
‘Sum of the other two Squares. In like manner if 
\you take 2 and 3, dnd add the Squares 4 and 9 to. 
ggether, the Sum is13. Then I fay, will 13, 12 and 
‘5 be three Sides of a Rectangle Triangle ; fo that 
1169, the Square of 13, fhall be equal to 144, and 
225, the Squares of 12 and 5. Moreover if you take 
53 and 4; The Sum of their Squares 9 and 16, 
makes 25, wherefore I {ay 25 may be the greateft 
Side of a Rectangle Triangle, whereof 24 will be 
the middle Side, and 7 the leaft Side. 

It muft be obferv'd alfo, that the Equimultiples of 
any 3 Numbers thus found will do the fame thing : 
"Thus, having found 5,4 and 3, their doubles 10, 8 
sand 6, will reprefent the three Sides of a Rectangle 
‘Triangle, fothat 100,the Square of 10, fhall be equal 
to the Sum of 64, and 36 the two Squares of 8 and 
6. And their Triples alfo 15, 12 and 9, will do 
ithe fame thing : For any cne may fee that all thefe 
Numbers, itill having the {ame Proportion, do as it 
were 


’ 
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were conftiture but one only Triangle, vfz. thai 
which is exprefs’d by 5, 4, and 3. And therefore al: 
thofe Numbers may be taken for the fame. 


N. B. The three Sides of a Reftangled Triangle wili 
then only be commenfurable, when they are in 
this Proportion, viz. asaa bee, aa—ee, 
and2ae, That is, the Sum of two Square Num- 
bers, the Difference of their Squares, and the 
double Rettangle of their Roots. 
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Of Progreffions and Logarithms. 


CAES Ropreflion is 2 Series or Rank of 
VÆ Quantities which keep between 
one another any kind of fimilar 
Relation or Proportion; and eves. 
ry one of the Quantities is called 
PRE iat Term, 
2. When the Terms which fo follow one another 
7. equally increafe or decreafe, the Progreffion is 
alled Arithmetical; as are all Numbers proceeding 
according to the natural Order of the Figures, as 1, 
2, 3, 4, 5,6, @c. As alfo all odd Numbers, as 1, 3, 


5, 7, 9, 11, Ge. or as 4, 8, 12, 16. or as 20, 15,10, 


and the like, 


3. Arithmetical Progreffion may be increafed in- 
anitely, but not diminithed. 


4. Uf 
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4. If in an Arithmetical Progreffion there be four 
Terms, the D:fference between the two firft of which 
is equal to the Diffzrence between the other two, 
thofe four Terms are {aid to be Arithmetically Pro- 
portional: As in the Progreffion of the natural Num- 
bers, 1,2, 3.4, 5,6, 7, 8, 9.€9c. H-you take four as 
2,3222.9, 10, (This Mark : : : I foall for the future 
ufe to fignifie ArithmeticalProporticn) there will be the 
fame Arithmetical Proportion between 2 and 3, as 
there is between 9 and 10 ; that is, 10 exceeds 9, 
as much as 3 doth 2: So alfo 3: 5:::8:10, are 
in Arithmerical Proportion ; and fo are 1: 5:23 5:29, 
where 5 being taken twice, is an Arithmetical mean 
Proportional between 1 and 9. 

s. In Arithmetical Proportion the Aggregate or 
Sum of two Extreams is equa! ro the Aggregate of 
the two Means, asin2:3:::9:10. the Sum of 
2 and fo is equal to the Sum of 3 and 9, thar is 123 
fo alloin3:5::: 8:10. The Aggregate of 3 and 
10 is 13, which is equal to the Aggregate of 5 and 8. 
And the Reafon of this is felf-evident. For tho’ 10 ex- 
ceeds 8, yet that which is added to 8, (viz. 5.) doth. 
juft as much exceed 3, which is added to 10, and fo 
there neceffarily arifes an Equality between them. 

6; The Sum of the firft and laft Terms in any 
Arichmetical Proportion, is equal to the Sum of the 
fecond and the laft fave one ; or to the Sum of the 
third from the firft Term, added to the third, accounted 
backward from the laf?, &c. as in the firft Example, 
1 and 9 make ro, and fo do 2 and 8, 3 and 7, or 
6 and 4 always make 10. And inthe middle re- 
mains 5, Which being taken twice (as if it were equi- 
valent to the Terms, becaufe "tis equally diftant 
from che firft and laft Term) makes allo ro. 

7. If you add the firft Term to the laft, and mul- 
tiply chat Sum by half che Number of the Terms, 
the Product thall be equal to the Aggregate or oe 

of 


| | 
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ofall the Terms. As in the former Example, 1 ad- 
_ded to 9, makes 10, and ro multiplied by 42 (or 
4, 5) for there are 9 Terms, produces 45, which is 
the Sum of all the Terms.from 1to9. Asis mani. 
feft from the Precedent. as | 
_ 8. When the Terms of the Progreffion are conti- 
nual Proportionals ; that is, when che firft is to the 
fecond, as that is co the third Term, as che third is 
to the fourth, and as the fourth is to the fifth, €c. 
then the Progreflion is call’d Geometrical, as 1,2, 4,8, 
116,32:: ; Or as 1, 3,9, 27, 81 :: or again, as 3, 
112,48, 192.768, ot defcending, as 8, 4,2, 1 ::; or 
dafily as 5,5, 52 55, 33, Ge. | 
9 Geometrical Progreffion may be encreas’d and 
\diminifh'd infinitely. 

10, When the Progreffion begins with 1, the fe= 
«cond Term is call’d the Root, Side or firft Powers 
ithe ehird is calf'd the Square or fecond Power: the - 
fourth, the Cube or third Power ; the fifeh, the Biqua- 
«date or fourth Power ; the fixth, the Sur-folid or fifth 
Power ; the feventh the Quadrato-Cube or fixth Power, 
(eee, 7 
CLIS Tf (in fuch a Progreffion) you take four Terms, 
trie former ‘two of which are as much diftant from 
«each other, as the two latter are: Thofe are fimply 
IProportional, and the Rectangle of their Extreams 
jis equal ro that of their two middle Terms. 

_ 12. Let the Quantity AB be fo divided in C, D, 
JE and F, -&c. that AB: AC:: AC: AD:: AD: 
AE, &c.. ThenI fay, BC: CD: DE: EF, ec. are 
“a continual Geometrical Proportion; and alfo thar 
AB: AC::BC:CD::CD:DE, &e. for be. 
ccaufe AB: AC : : AC: AD, it will follow by Divi- 
ffion of Proportion, that AB : lefs AC : (that is CB :) 
AC :: as AC lefs AD : (that is DC) AD, and con- 
fequently alrernately CB: C D :: AC: AD, or as 
JA B : AC, and fo of all others ir may be proved :: DC: 
IED :: EF :: GF, &c, 3 13. Ler 
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13. Let there be a Progreflion of Quantities in a 
“a Right-line BC, CD, DE, EF, Gc. let Cd. 
be equal to.the fecond Term CD, thar fo 
- we may have Bd the Difference between the 
_ firft and /econd Terms: And let it be made 
as Bd: BC :: BC, to a fourth Line, viz. 
BA. I fay, that if the Number of the Terms 
pi BC: CD:DE, &c. be finite, tho’ never 
fo great, all thofe Terms taken together, al- 
though there be an hundred thoufand Milli- 
ons of them, fhall be lefs than BA. But if 
we fuppofe the Progreffion infinite, or that 
| ä . the Terms are infinitely many, then fhall all 
t+C of them taken together be exactly equal to 
BA. For fince by the Suppofition B d, (that is 
BC lefs Cd or CD) isto BC:: BC, (that 
~ is AB lefs AC) AB, it may eafily be found 
; tha asBC :CDs:AB: AC::AC:AD, 
&c. and confequently all the Terms CD, DE, E F, 
© will always be found within, or be hither the 
Point A. To which it approaches the nearer, the 


B 


more the Number of the Terms is increas'd.So that 


we fee plainly, that all chefe Terms (which in Books 
are ufually call’d Parts Proportional) tho’ they be 
actually infinite, cannot make an infinite Length, be- 
eaufe they will be all included within the Line BA. 
14. This Demonftration will appear much more 
eafie and fenfible by the Example of a particular 
Progreflion, where the Terms are in a double Ratio 
æ, gr. Let CB be deuble to DC, and DC double to 
DE, &c. For if the Number of the Terms be here 
finite, tho’ it be an-hundred thonfand Millions, and 
you take the laft and leaft Term, for Example FE, 
and add to ic another Quantity, as fuppofe AF, e- 
qual to it: It is then plain, chat EA muft be equal 
to the Term E D, which is the«laft fave one ; For 
ED is double EF by the Suppofition. (the Ratio 
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being every where double) and E A is alfo double to 

EF by the Conftruction, it having been made fo, by 
taking FA equal EF. In like manner AE with 
DE, that is AD, fhall be equal to the following 
Term CD, and at laft AC will be equal to BC. 
So that from hence it appears, that the firft or greate 
eft Term is always equal to all the others taken toe 
gether, provided there be added to them buta Quans 
tity equal to the laft and leaft Term ; but if nothing 
be added, the firft Term is always greater than the 
Sum of them all. : 

If thefe Terms are fuppos’d to be actually infinite, 
then the greareft BC will be exactly equal roall thofe 
infinite others taken together CD, DE, EF, &c. For 
any one may eafly difcern, that the more there are 
of {uch Terms, the more you approach cowards A. 
by cutting off ftill the half of the Remainder: Bue 
when any Quantity is thus leffen’d by half, and the 
Remainder again by half, and then the half of that 
third Remainder taken, and fo on: ’Tis plain, that 
by fuppofing the Diminution to be made an infinite 
number of Times, nothing at laft will remain. 

This alfo might be demonftrated by a Redu&tion ad 
Impofibile, by thewing that all thofe infinite Terms, 
taken together, are neither greater nor lefs thar 

B 


_ 15. Hence may the Difficulties raifed by the 
Schoolmen againft the (Infinite) Divifibility of a 
Continuum be folved, tho’ to Perfons ignorant of 
Geometry they appear unfolvible : But indeed aç 
the Bottom they ate nothing but meer Paralogifms. — 
16. If two Progreffions are fuppofed, one Geome= 
trical beginning with 1, and the other Arithmetical 
eginning with o, fo that the Terms in one fhall be 
placed over, and an{wer refpectively to thofe in the 
; L 2 other ; 
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other ; The Arithmetical ones are called Logarithms, 


Exponents, (or Indexes) as in the following Ranks. 


o. ban 3: Boe when Bio) Om Ue sa, wer 
Ts Bey, Mig Ox. FG. BBs 64. 128. 256. 


17. That which is produced in a Geometrical Pro- 


greffion by Multiplication and Divifion, is effected 
inthe Logarithms by Addition and Subtraction: As, 


if having three Numbers given ; 2:8:: 64; You 
would find a fourth Proportional to them in Geome- 
trical Progreffion : You muft multiply 64, by 8, 


512 fhall be equal 10 the Product made by 2, and 
the fourth Number fought, they being the two Ex- 
treams of four Proportionals. And to find this fourth 
Number, you need only divide 512 by 2, and the 
Quotient will be 256. Sothat 2:8: : 64 : 256, and 
64 and 256 will be juft as far diftant from one ano- 
ther in the Order of the Progreflion, as 2 and 8 are. 


Bur if inftead of the Geometrical Numbéts2:8:: 


64, you had ufed their Logarithms 1:3: : 6, which 
anfwer to them in the Progreffion, and were minded 
ro find a fourth Logarithm, then you muft have ad. 


ded 3 and 6, which makes 9, and from thence have | 


fubtracted 1, there would remain 8. The Loga- 
rithm anfwering to the Geometrick Number 256. 


18. So alfo, if chere be two Geometrick Numbers _ 


4 and 8, to which the Logarithms 2 and 3 do anfwer; 
by multiplying 4 by 8, you produce 32 ; the Num- 
ber under the Logarithm 5, which is the Sum of 
the Logarithms of 2 and 3. : 


19. In like manner by multiplying 16 by it felf, 


there will be produced 256, which ftands under the 
Logarithm of 8, the Sum of 4 added to tt felf. | 


20, So 


(which are the two middle Terms). For the Product 


| 
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20. So if the Geometrical Number were required _ 

that fhall anfwer to, or ftand under, the Logarithm 

| 16, you muft take 256, which fiands under 8, and 

multiply ic by ic felf, and it will produce 65536, 
| the Number required. 

| 21. If moreover the Geometrical Number an- 

_ {wering to the Logarithm 23 were requir’d, you may 

take any two Logarithms, whofe Sum is 23, as fup- 

|  pofe 7 and 16, and multiplying the Geometrical 
Number under them, o7z. 128 and 65536 one by 

_ another, the Product will be 8388608. The Num- 

| ber which ought to ftand under the Logarithm 23, 

or in the 23d Place of a Series of Geometrical Pro- 

 portionals, beginning from 1. 

. 22. From hence appears the Way of anfwering 
that ordinary Queftion, how much a Horfe would 
coft, if bought on this Condition: Thar for the 
firft Nail in his Shoe a Farthing were to be paid, for 
the fecond Naii two Farthings, for the third Nail 
four Farthings, for the fourth Nail eight Farthings, 
and fo on, ftill doubling for 24 times: For the 23d 
Place in fuch a Progreflion would be the laft Num 
ber 8388608 Farthings, which, being reduced, is 
8738 /. 2s. 8d. and being doubled according to (8. 
14.) gives the whole Price of the Horfe 17476 /, 
Raa 4. | ke 

23. Where two compleat Progreffions are fitted {o 

-asto anfwer one to another, the Geometrical to the 

 Arithmerical ; as fuppole in Tables for chat purpofe 
calculated in Books, chere abundance of Pains and 
Labour is (pared, in finding the Geometrical Num. 
bers: For Inftance, let thofe three Numbers 32, 64, 
128 be given, and that a fourth Proportional were 
required : Inftead of multiplying 64 by 123, and 
dividing the Product by 32 (which Way is very tedi- 
ous in great Numbers) : you need only take the La« 

_garithms of the three given Seamus VIX. 32, 64, 
3 128 ; 


150 ELEMENTS 


128. and adding the 2d and 3d together, from their 
Sum fubtract the firft, the Difference will be the 
Logarithm of the correfponding Geometrick Num- 
ber 256. 

24. But becaufe in fuch a Geometrical Progreffion 
all Numbers will not be found, this Medium hath 
been difcovered ; they have calculared two Progref- 
fions, one of which contains all Numbers 1, 2, 3, 4, 
5,6, 7,8, €c. which feems to be an Arithmetical 
Progreffion, but yet hath in reality the Properties 
of a Geometrical one. And the other which con- 
tains Numbers in Appearance the moft irregular, is 
neverthelefs a true Arithmetical Progreffion. See 
here a Line, which will difcover perfectly all thefe 
Myfteries. 


25. Let 
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25. Let the Right-line A E be divided into th 
equal Parts AB, BC, CD, DE, &c. from the 
Points A, B, C, D, E, &c. Jet the Lines A 4, Bb, 
Cc, Dd, and Ee, be drawn all (p:rpendicular to 
AE, and confequenily) parallel to one another: And 
let them be all in a Geometrical Progreffion; As let 
Aaber, Bb 10, Ce 100, Dd 1000, 


Ee 10000, €e. Then fhall we have two Progrefli- 
ons of Lines, the one Arithmetical, and the other 
Geometrical : For the Lines AB, AC, AD, AE, are 
in Arithmetical Progreffion, or as 1, 2, 3, 4, 5, dc. 
and fo do reprefent the Logarithms ; to which the 
Geometrical Lines Aa, Bb, Cc, &8c. do corre- 
{pond. 


L 4 26. L 
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26. Let each of the equal Parts ED, DC, CB, 
€ c. be divided equally again in F, G, H, and let the 
Parallels Ff, Gg, €fc. be drawn, and be mean Pro- 
portionals between the Collateral ones; that is, Ee: 


Ff:: Ff: Dd::Dd:Gg. Let there alfo be more 


mean Proportionals, drawn from the middle of each 
Sub-divifion EF, FD, DG, and fo on, till thefe 
Parallel Lines growing very numerous, have at laft 
but a very {mall Diftance from each other ; then 
imagine aCurve Line drawn thro’ all theExtremities 
of thefe Parallels aseoufdgha: By this Means 
you will gain a Line, whofe Properties are very con- 
fiderable, and its Ufes equally great, as fhall be 
fhewn in its proper Place. | A 

27. If this Figure were drawn ona very large 
Table, and with a requifite Exa@nefs ; each Part 
AB, BC, &c. might be divided not only into an 
100, Of 1000, but even into 10000, 100000 equal 
Parts and more. So that AB being 1000000, AC 
would be 2000000, AD 3000000, &ec. as muft al- 
ways be an Arithmerical Progreffion. 

28. The Line Ee being fuppoled to contain.1000 
Parts, let us imagine thro’ each of thofe Divifions 
a Parallel to be drawn to the Line AE, curting the 
Curve in fo many Points, v. gr. Let the Lire io 


be drawn thro the Divifion 9900 of the Line Ee and. 


which curs the Curve in the Point 0. Let there be 
alfo fuppofed the Parallel (to Ee) Oo, cutting the 


Line AE in the Divifion 399563. Then any one 


may know that 399563 is the Logarithm of the 
Number 90000, In hke manner if S # paffed thro’ 
the Divifion 9000 of the Line Ee, and the Line 
were drawn cutting AE in 395424, then would that 
Line uv be the Logarithm of 9000, €&c. 

29. So that by this means a Table of Logarithms 


from 1 to 10,000 may eafily be made ; and farther, » 


by producing the Line A E. 
30, Nate 


CARE | 
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| go. Note, to obtain all the Logarithms from 1 to 
| 10000 ; ‘twill be enough to feek che .Logarirhms 
| from roco to 10000 : That is (having drawn the Pa- 
rallel 44} to take the Logarithms of all the Divifions 
from ¢toe, which Logarithms are all contained be- 
tween E and D. For by this you will have the Lo- 
_garithms of all the Parts that are berween ¢ and E ; 
and whofe Logarithms lie between D and A: For 
Example, fince O o is 9900 Parts, and its Logarithm 
399563, the fame Number may be taken for the Lc- 
| garithm of 999, which is Nz; as alfo of the Nurr- 
_ber Yy 99, changing only the firft Figure 3 Becaule, 
according to the Compofition of this Lire, ON or 
_N Y ought to be equal to E D or DC, as one may 
eafily prove. So tha ON or NY will contain 
100,000 ; and becaufe AO is 399563, fubtracting 
ON 100,000, there will remain 299563, for AN, 
from whence alfo taking 100,eco, there will reft 
199563 for AY. And after the fame manner, ha- 
ving AY 3995424 for the Logarithm of Vu which 
is 9000 ; you may have allo 095424 for the Loga- 
rithm of X x whichis 9. Or 195424 for the Loga- 
rithm of 90, or 29524 for the Logarithm of 900. 
31. All this may be reduced to Practice for Cal- 
culation, without actually drawing thefe Figures, 
but only imegining them to be drawn. For by the 
Rules of Common Ariththetick we may find out Ff, 
the meanProporcional between Dd and Ee, and after 
that, another, Mean between Ddand FF, or be- 
twen Ffand Ee, €c. But what we have here ex- 
plained is fufficient to gain as much Knowledge as is 
neceffary for us to have of the Nature and Compo- 
fition of Logarithms: There being no Need for us to 
undergo the Labour of calculating Tables of Loga- 
rithms; fince ‘tis already fo well and {o often done 
to our Hands. God, for the Publick Good, having 
raifed fome Perfons, whom he has pleafed to endow 
with fufficient Patience to furmount fo tedious and 


I laborious 
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laborious a Work, as one would think vo be infur 
perable. For we know that above 20 Men were en= 
gaged in fuch a Calculation, for above 10 Years to- 
gether, with indefatigable Induftry and Affiduiry. 
(Pardie {peaks bere a little Covertly, feeming willing 
to infinyate that this moft ufeful and admirable Work. 
was done firft in bis own Country, whereas the Loga- 
rithms were the Invention of my Lord Neper a Scotch 
Baron, and the firft Tables were calculated by him with 
the Affiftance of our Countryman, Mr. Henry Briggs.)| 
Of late feveral Improvements have been made in this 
Matter : As by Nicholas Mercator, of which fee Dr: 
Walliss Thoughts, in Philofoph, TranfaG. 38. John 
Gregory hath given us a Way to find Logarithms to 25 
Places by help of the Hyperbola. But Doctor Halley, 
in Philof. Tran(act. N° 216. fhews a Way from the 
bare Confideration of Numbers, and withall by the Help 
of Mr. Newton's Fay to find the Unciz of the Num= 
bers of a Binomial Power, &c. By which you may find | 
compendioufly the Logarithms of all Numbers to above 
30 Places. And he gives there feveral Series for this 
Purpofe, fome unsverfal, and fome appropriated to a 
peculiar fort of Logarithms. | 
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Problems or Practical Geometry. 


44H AT Propofition is called a Problem 
ma In (Geometry) which teaches us how 
& to do any Thing, and demonftrates 
mY alfo the Practice of ir : Whereas Theo- 
MAND) rems are {peculative Propofitions, in 


which are confidered the Affections and 
Properties of Things already done. 


2. To 
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2. To-divide a Circle into four and into-fix, and alt 
Arks into twa equal Parts: To divide it into four, 
HT. drawiwa: Lines as dac and -Bx e 
BB ar Righr Angles to each other: . Fo 

| divide it into eight Parts ; biffect 

the four Arks Be, ce, 3c. which 
is done by ftriking (without the 
Ark Bc) two’other Arks; with the 
fame opening from the Points B, 
and C, for if a Line be drawn 
from the Point where thofe Arks crofs each other, to 
the Center à, it Mall biffect the Ark BC. The like 
is to be done for the other Arks. | 
To divide a Circle into fix equal Parts ; you need 
only take the Length of the Radius ; and applying it 
fix times about the Circle, it will exactly divide the 
Circumference into fix equal Parts, and thus by a 


new Biffection, may a Circle be divided into 12, — 


24, 48, or into any Number of equal Parts, Ge. 
3. To divide a Circle into five, into fifteen, and into 

obrer equal Parts. This may be done thus; (as I 

demonftrate in 4/gebra) Make a Rectangled Trian- 


gle, one of whofe Legs fhall be the Radius of the — 


Circle, and the other half the Radius. From the 


Hypothenufe of this Triangle, take half the Radius, — 
the Remainder fhall be the Chord of 36 deg. and 


the Side of a Decagon. Double that Ark, you have 
the Ark of 72 deg. (whofe Chord is the Side of a Penta- 
gon) and it is the fifth Part of the Circumference ; 
and the fame Chord fhall be alfo the Hypothenufe of 
_ a Rectangled Triangle,one of whofe Sides is theRadi- 
us,and the other the Side of a Decagon. Andas by the 
laft was found the Chord of 60 deg. fo by fubtract- 
ing theChord of 36deg. from 60 deg. you may bavethe 
Chord of 24deg. which is the 1 5th Part of theCircum= 
ference. But for Practece, the fhorteft and fureft Way 
is, by repeated Trials with the Compafles to finda 
Diftance 
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Diftance that will go precifely five times about the 
(Circle : Then divide, after the fame manner (by 
(Trials) that Diftance into three equal Parts exactly. 
So fhall you gain‘a Chord that will divide the Cir- 
.cumference into 15 equal Parts, and then dividing 
‘each of thofe 15 Chords into four equal Parts, and 
‘each of thefe into fix ; you will divide the whole 
‘Circumference into 360 deg. And this Divifion is 
Imoft commodious for Practice and Ufe. Note, that 
the Way to divide a Circle into 3, 5, 7, or into any 
‘other odd Number of Parts, is not yer found Geo- 
metrically ; Geometrically I fay, that is, by mak. 
‘ing Ufe only of a ftrait Line and Circle. 
| This Divifion of a Circle into 360 deg. is very 
ufeful, when a Perfon underftands how to ufe the 
Compaffes of Proportion (or 
“* Seëtor.) *Tis fo called, be- 
caufe ’cis a kind of Com- 
paffes with broad Legs: 
% AsaB, aC, on which are 
“© decribed divers Lines 
“and Divifions, but thofe, 
which are moft in Ule, are of two Sorts. On one _ 
Side of this Sector, and on each Left, is a Line 
aeBandaeC, which ferves to divide a Circle. 
into 360 deg. at one, and -alfo to take ar any 
time as many Degrees as you pleafe: And this 
** Line on the Sector is thus divided. | 
4. To divide and graduate the Seëtor, that it may 
ferve for the Divifion of a Circle. Imagine a Semi- 
circle 4 E D B accurately divided into 180 deg. if 
then from the Point 2, as from a Center, you tranf- 
fer the Divifions of the Semicircle into a Line 2 B. 
v. gr. If from E, 60 deg. you draw the Ark Ee, 
and if from D 90 dep, in the Semicircle, you draw 
the Ark Dd, &%c. Then ought 60 deg. on that Leg 
of the Sector, to be placed at the Pointe, and 90 
| | deg, 


ce 
ec 


LT: 
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deg. at the Point d, €c. And if you transfer the 
fame Degrees after the fame Manner into the other 
Leg a C, you will graduate the Lines 4 B and 2C, 
(on the Sector) as they ought to be for this Purpofe, 
and will they be two fimilar Lines of Chords. 

5. To explain the Ufe of the Seétor as far as it ferves 
for the. Divifion of a Circle. Let there be a Circle 
given Af; take with your Compaffes the Radius Af, 
and (keeping that Diflance) fer one Foot of them in 
e or 60 deg. on one Leg of the Sector ; move the os 
ther Leg of the Sector to and fro fo long, till the other 
Point of the Compaffes falls exactly on e or 60 deg. 
in that Leg of the Sector: So that the Diftance ee 
be exactly equal to the Radius Af: Then if you 
would have readily 90 degrees of that Circle ; (/et- 
ting the Seëlor lie fill, and always keeping the fame 
Angle) Open your Compaffes till the Points fall 
exactly on d and d, or 90 deg. on each Side of the 
Sector : And then that Diftance transferred into the | 
Circle, inf, gz, gives you the Ark of 90 deg. f, g. 
So alfo if you would have had 35 deg. you need 
only apply your Compaffes to 35 deg. and 35 deg. 
on each Leg of the Sector in the Lines (of Chords) 
a Band aC: and that Diftance transferred into the | 
Circle, thall cut off the Ark of 35 deg. and thus 
may you proceed to find any Degrees you pleafe. 
All which is grounded on the 42, 43, 49 and 50 
Propofitions of the VI. Book. For fince all Circles : 
are fimilar Figures, (6. 50.) the Chord f g will be | 
to the Radius fA : : as the Chord of dd to the Rae | 
diusee; thatis, asadistode. Now ‘tis plain, , 
from what hath been proved elfewhere, that the | 
Triangles 4 d d and mee are fimilar ; and therefore | 
dd:ee::ad:ae. But dd is by the Conftruction 
equal tofg, andeeto Af, wherefore fg: Af: 
dazae. QED. 

6. Te: 


Book IX. of GEOMETRY. 159 


_ 6. To divide the Line of equal Parts or Lines on the 
Seétor, for the Divifion of any Rightelines given. There 
being two Righr-lines drawn from the Center of the 
Sector on the Legs as 4 B and aC: Let each be di- 
Wided into 100 or 200 equal Parts : And then they 
will ferve to divide any Line gi- 

wen, into any Number of equal bc 


Parts: As for Inflance, let the ~ 
Line given be cb, and that you è 
were required to take 25 Parts of 


it. Now to divide the whole 

Line c 4 into 97 equal Parts, and then to take 25 of 
them according to the common Way of dividing 
Lines, would be very tedious : Bur by the Sector 
itis done eafily and fpeedily thus; Take the Length 
pf the whole Line ¢4 in your Compaffes, and fit or : 
apply it over in your Sector between 97 and 97 in 
each Leg, from B, fuppofe to C. Then letting the 
Sector lie open’d at that Angle, take in your Com. 
paffes, the Diftance between 25 and 25 in each Leg, 
pr between e and e, which transfer into the given 
Line from 4 to f; fo fhall bf be juft 22 of the whole 
Line c: As is plain from the Triangles ABC and 
A e e being fimilar. 

7. Ona Line given to make an Angle that foall con- 
tain any Number of Degrees 
afign d: Let the Line gi- 
ven beac, on which ’tis 
required to make an Angle 
of 30 deg. From the Point 
3, as from a Center, ftrike | 
the Ark fe, from which rake by the Sector, or other. 
Wile, 30 deg. from e to fs then through f draw the 


Line af, which with the Line ze will make an An- . 
tle of 30 deg, 


8. Having 
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8. Having the Angles of any Triangle and one Side 


given to find rhe other two Sides. Suppofe you are told 
there is a certain Triangle fome where, whole Bafe 
A Cis 10 Fathom; and that the two Angles at the 
Bafe are AC B 150 deg. and CAB 20 deg. (and 
confequently the remaining Angle at the Vertex or 
Top mnft be 10 deg. for the Sum of 150,20 and to, 
is juft 180 deg. which is two Right Angles). You are 
required to tell how many Fathom there are in the 


other Sides A B and AC. Make on Paper, or tathet 
on fine Pafteboard, a Triangle 2 b c fimilar to the | 
prapos’d one, after this manner. Take a Bafe at 


pleafure ac, 2nd from any Scale of equal Parts ler it 


| 


rt = 
CS = 
CO 

# 


4 
= 
= 
= 
= 
= 
= 
= 


be 10 Inches, half Inches, &c. in Length. On this 


Line ae make two Angles, one cab of 20 deg. and | 


the other ac b of 150 (9.7) Then will the twa 
Lines ac and cb crofs one another, when produced 
in the Point 4 Then meafure (on the fame Scale 
you took the Bafeac from) how many Inches, &c. the 
Lines ab and cb are in Length; And you may be 
affared that there are juft fo many Fathom in the 
Lines AB and CB fought, as you find Inches, &c. 
or any equal Parts, in the Lines 2 b and c b. For 
fince the Triangles are equiangular, they are fimt- 
lar, and therefore ac: 46::AC: AB, Se, 


9. Te 


| 
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9. To meafure Diffances, Heights, Depths, and in 
(general, the Dimenfions and Magnitudes of all remore 
land inacceffible Places. If onthe Top of any Hill ap. 
|peating ata Diftance, there were a Tower, as BE, and 
‘its Diftance from us and its Hicight, were required : 
You maft firft with fome Inftrument {as with a 
Quadrant, that is the fourth Part of a Circle divided 
into 90 deg. and furnifhed with 2 Ruler, or Label 
with Sights, and moveable on the Center) you muft, 
I fay, with fome fuch Inftrument, take two Angles ar 
two feveral Stations in this manner: If yOu are in 
ithe Station A, place your Inftrument fo, that one 
Side of it may an{wer exactly to the Horizontal Line 
AD; and keep it without raifing or deprefling ir 
in this Pofition. Then place your Bye at A, (that 
is at the Center of the Inftrument) and turn the La- 
bel till it point to the Top of the Tower B, and that 


Ss 


at 


A 
Go = 3h 
———— 


ooking through the Sights you can {ee the Topof the 

Power exactly ; then will the Label cut in the Limb 
of the Quadrant the Degrees of the Angie BAD, 
or the Limb is fuppoied to be graduared for this Pur- 
ofe : Then change your Station, moving in a Righr- 
ine forwards 10 Fathom (or it might have been anv 
ther Diftance, and backward as well as forward) 
9 C, and there take ape je fame manner the An- 


gle 
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gle BCD: By which means you will have alfo the 
Angle BCA, becaufe thofe two together make 180. 
deg. or two Right ones. So that in the Triangle 
A BC you have now found the Bafe AC, which is 
10 Fathom, and alfo the two Angles at the Bafe; 
and confequently the Sides CB, and AB, may be 
known : (9. 18.) And then you may have the Height 
DB, or the Diftance AD, if you make a lutle Tri- 
angle fimilar to that, and there from the Point b, lec 
fall a Perpendicular bd, to the Bafe Line AC con= 
tinued tod. For BD, or AD will be juft as many 
Fathoms as bd, and ad will be equal Parts meafurd | 
on the Scale, (as in the laft.) And if after you have 
thus gain’d the Height BD, you find, by the fame 
Method, the Height E D allo, you may (by Subrraët= 
ing this Altitude from the former) find the Height af | 
the Tower EB. 


N. B. The common Quadrant, with a String and! 
Plummet, and with the Sights fix'd on one of its’ 
Sides, is more convenient and ready than this of? 


Pardie’s, which is now out of Ufe. 


*¢ Sometimes inftead of advancing towards the. 

‘© Tower, and of making Obfervations of the Height : 
‘£ below, or of thofe Angles the vifual Rays make: 
 wich che Horizontal Line, it is convenient to take: 
‘# two Srations fide-ways of each other; But ir: 
** comes all to the fame, and the Practices in reas. 
licy are not at all different. | 
“ And by this Means, as any one may fee, may! 
all imaginable Heights and Diftances, and other : 
“ Dimenfions be taken ; provided we can but come: 
« ro obferve their Extremities, from two different | 
& Places. I fhall not ftay now co defcribe the pare: 
“* ticular Ways of doing this, nor to enumerate the: 
‘ great Advantages that would accrue from ah 
; 6€ Le) | 
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“ of Telefcopical Sights fix’d on the Label, or on the 
“ Side of the Inftrument ufed in taxing Angles; 
© which indeed is an Invention of ineftimable Benes 
“ fit to Surveyors, 
|, 10. To take the Plane of any Place. Let ABCDE 
be a City, or any other Place, and you were requi- 
red to take the Plane, and to make a Draught of it. 
Take all the Length of its Sides, and of Lines drawn 
from Angle to Angle: And transfer all thefe upon 
Paper, laying them down according to their true 
Proportion. For Inftance, having found A B to be 
30 Paces, BC to be 59, CD A 
to be 50, BE to be 67, and 
AE 49, €c. and having ready \ 
‘drawn on Paper, a plain Scale E 
divided into 100 equal Parts. 
‘Make the Line ab 30 of fuch 
Parts; be, 67; anda Pay oF | 
then thofe Lines drawn and join’d together will make 
the Triangle a be every way familar to the Triangle 
ABE. And if you go on thus, and make the Tri- 
angle bec, fimilar to BEC, €. you will form the 
Figure abcde every way fimilar to the Plane of the 
Place ABCDE. j 

11. But if you cannot get into the Place to furvey 
it, and to meafure the Diftance between the Angles 
Band EC, you muft take the feveral Angles of 
the Plane, and transfer them into your Draught; fo 
that if the Angle BAE be 66 deg. the Angle bae 
muft alfo be 66 deg. and fo of a!l the reft. 4 
. 12. To make a Draught of any City or Country, A 
Icend up into any two elevated Places, from whence. 
you can plainly fee the City or Country, whofe De= 
lineation you would make. And having with youa 
Quadrant, whole Circle, or Semicircle well divided. 
into Degrees, together with its Label (with Sights) 
and its Center: Place your Inftrument at A, and 
| POR a : M 2 fo 
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{o that one of its Sides may lie in a Line between À 
and B, which done, and the Inftrument fix d there, 


Ex 


em, 
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obferve the feveral Steeples, eminent Houfes, Tow- 
ers, Hills, and all other remarkable Places, as EDC, 
Eee and take their Angles with the Label and Sights, 
and write them all down to help your Memory. 
Thus, ler the Angle CAB be 50 deg 30 min. the 
Angle DAB 45 deg. 8 min. &c. Proceed after the 
{ame manner at che Station B; noting down the 
Angle ABC to be 40 deg. 10 min. the Angle ABD. 
47 deg. 28 min. &c. Alter which, draw on Paper 
any Line at Pleafure, as 4 0, and make, at each End 
of it, Angles equal to thofe which you found, cab 
equal to CAB, dab equal to DAB, and abc e- 
qual to ABC, @c. And by this Means you will 
have the Points c, d and e, &c. which will be in the 
{ame Pofition to one another as the Steeples, or o- 
ther eminent Places CDE, &c. are. And thus 
having drawn the moft confpicuous and principal 
Places, the reft may eafily be taken by the Eye: 
But to make this Operation very exact, ‘tis conve- 
nient to take the Angles alfo at a third or fourth 
Station, and then, if they all agree, any one will 
know that the Work was well done, 
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Of the Words and Terms of Arts ex- 
| plained in this GEOMETRY. 


| N. B. The firft Figure fhews the Book, the 
fecond the Article. 


A 

Ane and Inverfe 
Proportion 6. 8,9 
Angles Alternate, Internal 
I. 30 

Right, Obtufe and Acute 
Bey, 

External of any Triangle 


2. 10 
Oppofite, Vertical,Contiguous, 
Adjacent or Adjoining 1.17 
Reélilineal, Curvilineal, 
mixt 1, 6 
Subtending, Subtended 2. 17 
Angles of a Polygon, their 
Quantity 3, 23 
em Of a Segment 4.2 
omen In a Segment 4.3 
—— At the Center, and at 
the Circumference of a Cir- 


cle 4: 10 
Angle Solid~- 5.4 
Ark of a Circle T,11 


Area of à Triangle how 
known is 3 18 


Area of a Circle, how gain'dà 

+ e e 4. 3 à 

Arithmetical Proportion 3.4 
B 


Afe of a Triangle 2.8 

B Of a Pyramid or Cone 

5. 6 

Bi-Quadrate 8. 10 

Body or Solid 1.3 
C 

Hord of a Circle 4.2 

Their Powers 6. 67 

Circle Ie ls 


Circumference of a Circle, à 
Right-line found equal so 
at 4 31 

Commenfurable Quantities. 


7-4 
Complements of 4 Parallelo- 
gram 3.12 
Compounded Proportion 


G II, 1% 

Congruons or Concurring F3. 
gures 2, 12 
Concave 
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Concave is 
Cone mea/ured 5. 32 
Contiguous Angles ity 


Content (Solid) of Parallelo- 
pipeds,Cylinders, Pyramids, 
Cones and Spheres, how. 
found SANT. 32 

Continuum ot compofed of 
Finite Parts 7. 4% 

Converfe Proportion 6.12 


Cônverle Propofition 1. 33 
Convex I. § 
Cubes 8. 10. 34 
Cubick Number 7.39 
Curvilineal Angle 1. 6 
Figure 2.11 
Cylinder 5, 10 
D. 

DE: of Progreffion 
Geometrical 8. 10 
Degrees, Minutes, Seconds, 
1,25 
Defcribent 2.5 
Dirigent ee 
Diagonal of Quadrilateral 
Figures 3.7 
Diameter ies. 3. 7 
Difcrete Proportionals 6. 23 
- Dodecahedron 5.39 


Divifion of Proportion 6. 10 
Draught of a City or Coun- 
try, how taken 9. 12 

E 

pe Qual Parts 
EF Equi-lateral 
Æqui-mulriple 6. 
Ex æquo a Species of Propor- 
tion fo called 6.13. 14 
Extream and mean Proporti- 
on 


62 


Le 
Igure infcribed in a Cirile 
| 4. 20. 27 
Circum{cribed about a Circle 
440,21. 
Fruflum of a Pyramid and 
Cone how mealured 6.48 
G 


Ce ometrick Proportion 


Gnomon $, 12 
Generation of Sines 1.5 
Of Triangles LE 
Of all Parallelogramick Fi- 
gures 


3.5 
ET Proportion 


8. 32 
Heptagon 3. 207 
Hexagon 3. 20 
Hexahedron 587 
Homologous Sides 6, 26 


Hypothenufe of a Right-an- 
gled Triangle 4, 32. 6. 5§ 
I 


Cofihedron 5,40 
if Incommenfurable Quan- 
_ tities 7.58 
Indivifible 4. 31 
Inver fe Proportion 6. 3 
Ifofceles Triangles 3. 7 


Ifoperimetrical Figures 4. 32 
L 


in of a Right-angled Tri- 


angle 6. 55 
Like Triangle 6. 384 
Line I. 3 
Logarithms 8. 16 
Loxzenge Figure. 3. 4 


Lines defcribing equal Sur- — 
faces 3.5 
: Mean 
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M 
A A E4n Proportional 6. so 
M Meafure What. 7,1 
Meafuring of all Heights and 
Diftances 9.9 
Menfuration of Area’s 3. 18 


Minutes 1524 
Mix'd Angle I. : 
Figure Qe 


Multiplication of one Te . 
another 6.17 
Of a Surface by a Line 


6. 18 
N 
N TUrmbers Plane .- 7.9 
N Similar Planes 7.14 
Cubick 7.39 
Solid 7 27 
Square \ Fs 12 
Orcs bi 1, 17 
Obtufe Angle ibid. 
-O@agon 3.20 
~ OGahedron 45.38 
z 

Art and Parts 7,2. 3 
Proportional 8. 13 
Parallel Lines I, 26. 35 
Parallelograms 3. 2 
About the Diameter 3. 12 
Parallelopiped _ 5.9 
| How meafured 5. II 
Pentagon 3. 19 
Perpendicular 1, 16 & 4. 14 
Plane Surface 1.5 
Plane of any Place how.taken 
9. 10 
Polygons 3628 
Powers of Lines pag. 55 
Prifm ge 8 7, 32, 35 

Problems 9.1 


Progreffion Arithmetical 8. 2 
Geometrical 8. 8 

Of Squares, Cubes, &c. 8. 34. 
Proportion 6.6, fee Progref- 
fion 


Pythagorick Theorem p.53, 


54 
Proportion Circles bear to the 
Squares of their Diameters 


of Spheres to the Cubes of 


their Diameters 6, 46 
Q 

Uadrato-Cube 8. 10 

Quadrature of the Cir- 

cle 4 31 


Of Hippocrates’s Lunes 6.56 
Of any affigned Proportion of 

a Lune 6. 57 
Quadrilateral Figures’ 3. x 


Quantity 1,f 
—-Their Properties 6. 39 
Of any Angle 1, 8 
R 
Adius I. 13 
R Ratio, or Reafon 6,2 
Compound Ge 24 
Duplicate 6. 24. 
Triplicate 6. 32 


Of the greater to the 
leffer \ 6. § 

Ratio of the Sphere and Cone 
to the Cylinder 5,32, 33 
Rettangle 3° 3 


Rettilineal Angle I. 6 
Reciprocal Figures 6. 22 
Right Angle what I. 14 
Regular Figures 3. 20 


Bodies 5.35 
Reduétio ad abfurdum 


4. 31 
Rhombus 3 4 
Rhomboides 


e+ The Mark of four 


here ufed, are only thefe. 


fal Dees to. 
+ More, or Adding. 
— Lefs, or Subtracting. 


proportional Geometrically. 
*- The Mark for Continual Proportion, or Geome- 


trick Progreffion. 


¢:: The Mark for Arithmetical Proportion. 
x The Mark for Multiplication, | 


#1 Square. 


f] Rectangle. 


“A Triangle, 


cs 


£ Angle. 
| Parallel, 
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_ Rhomboïdes 8.5 Solid or Body. , Ie 3 | 
Root of a Square … 8.10 Solid Angle 54 À 

Oe , Super ficies 13° 4 

Calene Triangle 2 7 Or Plane Surface vs 
S Cone or Cylinder  Sur-folid 8,10 
Sug 6. ALA JO i “age 
Secant | 4. 1 Angents geo à 
Seétor 4.4 Terms in a Progrefion 
Segment 4? 8, Le 
Similar Reltangles 6.26 Thecrems 9. T° 

Triangles 6.38 Tetrahedron 5. 36 

Plane Numbers 7.14 Trapexinm “3.2 

Polygons 6. 44 How divided in any given 

Curvilineal Figures Ratio 6.37 À 

6.42 Triangles their Divifion 2.7 
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4.9 3.18 
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